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THE DUAL POLYHEDRAL PRODUCT, COCATEGORY AND NILPOTENCE 


STEPHEN THERIAULT 

Abstract. The notion of a dual polyhedral product is introduced as a generalization of Hovey’s 
definition of Lusternik-Schnirelmann cocategory. Properties established from homotopy decompo¬ 
sitions that relate the based loops on a polyhedral product to the based loops on its dual are used 
to show that if A is a simply-connected space then the weak cocategory of X equals the homotopy 
nilpotency class of QX. This answers a fifty year old problem posed by Ganea. The methods are 
applied to determine the homotopy nilpotency class of quasi-p-regular exceptional Lie groups and 
sporadic p-compact groups. 


1. Introduction 

This paper establishes strong relationships between three different concepts in topology: polyhe¬ 
dral products, cocategory and homotopy nilpotency. Polyhedral products play a fundamental role 
in toric topology and have a growing number of applications to other areas of mathematics, such as 
group actions on graphs, intersections of quadrics, and coordinate subspace arrangements. Cocat¬ 
egory is dual to Lusternik-Schnirelmann category; the latter has been heavily studied since it was 
introduced in the 1930s, partly because of its connection to counting the critical points of functions 
between smooth manifolds. Homotopy nilpotency is the topological analogue of nilpotency in group 
theory, and it has powerful implications for homotopy theory, especially in the stable case. 

Throughout the paper, assume that all spaces have the homotopy type of path-connected CW - 
complexes. It has long been thought that cocategory and homotopy nilpotency are very closely 
linked. One problem in establishing a good link is settling on the right definition of cocategory. 
Several different definitions exist, each trying to dualize some feature of Lusternik-Schirelmann 
category. We use Hovey’s definition, but others include those by Ganea m, Hopkins and 

Murillo-Viruel (MV) . In all cases, a connection is made between the definition of cocategory in 
question and homotopy nilpotence. For example, Hovey and Murillo-Viruel show that, in their own 
notion of cocategory, if the cocategory of a simply-connected space X is m then iterated Samelson 
products of length > m + 1 formed from the homotopy groups of flX all vanish. Our main result 
is to show that if A is a simply-connected space then the weak cocategory of X (using Hovey’s 
definition) is precisely equal to the homotopy nilpotency class of QX. 
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To do this we first generalize the notion of cocategory to dual polyhedral products, and then use 
loop space decompositions to compare the based loops on a polyhedral product to the based loops 
on its dual. This results in a natural filtration of the based loops on a polyhedral product that 
should have many applications beyond those in this paper. A more detailed description is obtained 
in the special case of a thin product, which is relevant to cocategory. 

The methods developed in the paper are sufficiently powerful to allow for explicit calculations 
of the homotopy nilpotency classes of quasi-p-regular exceptional Lie groups and nonmodular p- 
compact groups. These cases would have previously been considered as completely unapproachable. 

To describe our results more carefully, several definitions are required. 


The dual polyhedral product. Let K be a simplicial complex on to vertices. For 1 < i < m, let 
(Xi, Ai) be a pair of pointed CW-complexes, where A; is a pointed subspace of Xi. Let (I.d) = 
{(Xi, A i )}™ 1 be the set of CW-pairs. For each simplex (face) a G K , let (A), A) a be the subspace 
of UZi Xi defined by 


(KiAT = J\ Yi where Y t = 
2—1 


Xi if i G a 
Ai if i £ a. 


The polyhedral product determined by (A, A) and K is 


m 

(k,a) k = Uix^rcuxi. 

a£K 2=1 


For example, suppose each Ai is a point. If K is a disjoint union of to points then (A, *) A is 
the wedge Ai V • • • V A m , and if K is the standard (to — l)-simplex then (A, ±) K is the product 
Ai x • • * x X m . 

The polyhedral product is therefore a colimit over all the faces of K , ordered by inclusion. There 
is another way to describe the polyhedral product as a colimit. Let [to] = {1, ...,m} and let 
I = {*!,... ,ik} be a subset of [to]. Let I\j be the full subcomplex of K on the vertex set /, that 
is, the faces of Kj are those faces of K whose vertices are all in I. There is a map of simplicial 
complexes Kj —> K including Kj into K, and if the subsets of [to] are ordered by inclusion then 
there is a system of simplicial maps Kj —> Kj whenever I C J. These induce maps of polyhedral 
products i/,j: (A,A) K/ —^ (A,A) Aj . Notice that the only possible face of I\ which is not in 
some Kj for a proper subset I of [to] is a = [to]. But in this case K equals the full simplex A 1 ™ -1 , 
and the polyhedral product (A. A) K equals Ai x • • • x X m . Therefore, if K ^ A m_1 , then 


G X 1 A) K = U (A ,A) k ‘. 

I C [m\ 

The description of the polyhedral product as a colimit of its full subcomplexes lets us define a 
dual notion. Fix a simplicial complex K on the vertex set [to]. Since each (A, A) Kl is a pointwise 
inclusion into (A, A) K , it is a cofibration but not a fibration so the appropriate dual notion for 
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homotopy theory is not an inverse limit but a homotopy inverse limit. Order the subsets of [m] by 
reverse inclusion. If I C J then there does not exist a simplicial map Kj —> Kj. However, there is 
a map on the level of polyhedral products. If X 1 is the product x • • • x X ik then, as in [ DSl 2.2.3], 
the projection X J — > X 1 induces a map of polyhedral products ipjj : (2 L,A) Kj —► (X_,A) Kl with 
the property that tpjj o ijj is the identity map on (X_,A) Kl . Assemble {(A, A) Kl \ I C [m]} and 
{<Pjj | / C J C [to]} as the vertices and edges of an TO-cube in order to take a homotopy inverse 
limit. 

Definition 1.1. If K ^ A m_1 then the dual polyhedral product is 

(X, A)g = holim (X, A) Kl . 

IC[m\ 


Cocategory. A special case of the dual polyhedral product is the thin product. Let K be the 
simplicial complex on the vertex set [to] consisting of m disjoint points. In each pair of spaces 
(Xi,Ai), take A, = *. Then for I C [to] the full subcomplex Ki consists of |/| disjoint points, so 

(X,*) Kl = V X i- 

iei 

If J C I, the projection I\i —> Kj induces a map of polyhedral products \/ ieI Xi 
which sends Xi to itself if i £ J or to the basepoint if i (f J. Write X_ for the 
{X u --- ,X m }. 

Definition 1.2. The thin product of pointed spaces A'i,... X rn is the space 

P m {X) = (A,*)g 

where K is the simplicial complex consisting of to disjoint points. 

The thin product was defined by Hovey [Hov] as a dual to the fat wedge, and he used it to 
define a notion of cocategory that is dual to Lusternik-Schnirelmann category. Some properties of 
the thin product have been determined by Hovey, Anick m in the case when m = 3, and Chorney 
and Scherer [CSj in the context of Goodwillie towers. Other properties more directed towards 
cocategory have been determined by Sba'i jSbl in the rational case and by Krafi and Mamouni [ KM ] 
in the context of automorphism groups. 

In the case when each Xi equals a common space X for 1 < i < to, write P m (X) for P m (X ). Let 

m 

V: \/ X —*• X 

i= 1 



set of spaces 


be the TO-fold folding map. 
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Definition 1.3. Let X be a pointed space. The cocategory of X is the least m for which there 
exists an extension 

\l?=i X - P m+1 (X) 

/ 

/ 

V ^ 

/ 

'' / 

A 

x. 

In this case, write cocat(Al) = m. 

For example, when m = 1 then P 2 {X) is the honrotopy inverse limit of the system X —> * <— X. 
That is, P 2 {X) ~IxI. So cocat(X) = 1 if and only if X is an H- space. 

There is a weaker version of cocategory which will be important. Define the space F m+1 {X) and 
the map f m+1 (X) by the homotopy fibration 

m _l_i m -\-1 

F m+ \X) r {X) > \J X -x P m+ \X). 

i -1 

Definition 1.4. Let X be a pointed space. The weak cocategory of X is the least m for which the 
composite 

F m+1 (X) - -— V:".,' X 

v 

X 

is null homotopic. In this case, write wcocat(Ai) = m. 

Notice that the definitions immediately imply that wcocat(X) < cocat(X). 

Homotopy nilpotency. An FL-group is a homotopy associative H-space with a homotopy inverse. 
Let G be an H- group. The commutator c: G xG —> G is defined pointwise by c(x, y) = xyx~ 1 y~ 1 . 
Observe that the restriction of c to the wedge is null liomotopic so c extends to a map 

c: G /\G —> G. 

Since EG A G is a retract of E(G x G), the homotopy class of c is uniquely determined by that of c. 
The map c is the Samelson product of the identity map on G with itself. For an integer m > 1, let 
G( m+1 ) be the (m + l)-fold smash product of G with itself. Define the iterated Samelson product 

c m : G (m+1) —X G 

by c m = c o (1 A c) o • • • o (1 A • • • 1 A c). Notice that c m has a universal property: any Samelson 
product of length m + 1 on G factors through c m - 

Definition 1.5. Let G be an U-group. The homotopy nilpotency class of G is the least m such 
that c m is null homotopic but c m -i is not. In this case, write nil(G) = m. 
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For example, nil(G) = 1 if and only if G is homotopy commutative. 

Our main theorem identifies weak cocategory and homotopy nilpotency. 


Theorem 1.6. Let X be a simply-connected space. Then wcocat(X) = m if and only if nil(nX) = to. 


fm (JC) 

The approach to proving Theorem 11,61 is to consider the homotopy fibration F m (X _) -=» 

Vlii Xi -» P m (X). We identify the homotopy type of F m (X) as a certain wedge of suspensions, 

and the homotopy class of f m (X_ ) as a wedge sum of Whitehead products. In the case when each X. i: 
equals a common space X, this lets us play off the definition of weak cocategory, which involves 
the map f m (X), with the homotopy nilpotentcy of flX by taking the adjoints of the Whitehead 
products to obtain Samelson products. 

The identifications for F m (X) and f m (2L) are obtained as special cases of much more general 
phenomena involving dual polyhedral products. The definition of (X. Alp as a homotopy inverse 
limit implies that there is a map (X_, A) K —> (AiA)d- Let F m i be its homotopy fibre. By 


comparing the homotopy types of flfX, A) K and Q(X, A)f,. we show that there is a homotopy 
equivalence 


(1) fiOE, A) K (li)gx QF [m] 

In a way that can be made precise via certain idempotents, LI(2LiA)d contains all the information 
about TL{X_,A) K that involves only proper subsets of the ingredient pairs (W,A;), while I2F[ m ] 
captures all of the information about f!(X, A) K that involves all to pairs ( Xi,Ai ) simultaneously. 
This leads to a filtration of the homotopy theory of Q(X. A) K obtained from its full subcomplexes. 


Theorem 1.7. For any polyhedral product (X. A) K . there is a homotopy equivalence 

V(X,A) k ~ fIF/ 

IC.[m] 

where Fj is the homotopy fibre of the map (X. A) Kl —> (X. A . 


In the special case when (X,A) is of the form ( CX . X b where CX is the reduced cone on X, 
more can be said. The polyhedral product ( CX . X ) K has been well studied. In IBBCGj it is shown 
that there is a homotopy equivalence 

(2) Z(CX,X) K ~ \/ E 2 (|F 7 | A X 1 ) 

I£K 

where \Ki\ is the geometric realization of Ji 7 , and for / = {*i,..., ik}, we have X 1 = X ix A • • • AX ik . 
In particular, S( CX . X) K is a wedge of suspensions of iterated smashes of the spaces X ( ;. 

A great deal of work has been done in [BG1IGT21 IGT3IIIK11 1IK2J to determine for which simplicial 
complexes the decomposition © desuspends. In |IK2| the notion of a totally homology fillable 
simplicial complex was introduced, which includes the more well known families of shifted, shcllable 
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and sequentially Cohen-Macaulay complexes. It was shown that if K is totally homology tillable 
then there is a homotopy equivalence 

(3) (CX,X) K ~\/X(\Kj\AX 1 ) 

I£K 

and £| A"/1 is homotopy equivalent to a wedge of spheres. Consequently, ( CX ,X) K is homotopy 

equivalent to a wedge of suspensions of iterated smashes of the spaces X t . 

When K is totally homology tillable we show that the spaces A/ in Theorem ll.Tl are also homotopy 

equivalent to wedges of suspensions of iterated smashes of the Xj’s. Further, in the special case of 

/ m 

the thin product, the spaces Aj m ] and F m (2Q are homotopy equivalent, and the map F m (2L) — 
V™i Xj is a wedge sum of iterated Whitehead products. 

This paper is organized as follows. In Part I we give homotopy decompositions of fl(X, A) K 
and f2(X, —)b v i & certain idempotents. Section [2] establishes the basic decomposition in terms of 
certain telescopes and Section [3] identifies the telescopes as certain loop spaces. Section [4] refines the 
decomposition in the case of £l( CX , X ) K and tt( CX , JQp when I\ is totally homology hllable by 
showing that the factors are the based loops on certain wedges of suspensions. In Section [5] these 
results are then transferred to give analogous decompositions in the case of Cl(X_,*) K and IKW 
for the same complexes K. 

In Part II the role of Whitehead products is investigated. This starts with fundamental results 
which seem to have no proofs in the literature, in Section [6] we show that Porter’s decomposition 
of the homotopy fibre of the inclusion of a wedge into a product can be altered by a homotopy 
equivalence so that the maps from the fibre into the total space are described by Whitehead products. 
In Section [7] an anlagous result is shown for the homotopy fibre of the pinch map from a wedge onto 
one summand, and in Section [8] finer versions are proved in the case when each space in the wedge 
is a suspension. Finally, in Section [9] all this is applied to give a homotopy decomposition of the 
homotopy fibre of the map from the wedge into the thin product, and to identify the maps from the 
fibre to the wedge as certain Whitehead products. 

In Part III the results from Parts I and II are used to prove Theorem 11.61 in Section [TO] To 
explicitly calculate the homotopy nilpotency classes, a special class of A-spaces called retractile 
A-spaces is discussed in Section [Til and a criterion for applying Theorem [L6] to retractile H-spaces 
is proved in Section 1121 Examples are then given in Section fl3l 

Part 1. Homotopy decompositions of f2(X, A) K and 0(X, A)^. 

2. Decompositions via idempotents 

The focus for the most part is on £l(2L,A) K > with the decomposition for f2Qf, A)^ being a 
consequence. The decomposition will be constructed by using a family of commuting idempotents. 



THE DUAL POLYHEDRAL PRODUCT, COCATEGORY AND NILPOTENCE 


7 


The idempotents will be defined on {X_,A) K but in order to take a product of their telescopes a 
multiplication is needed, which is why loop spaces are taken. We begin with some general information 
about decompositions of iZ-groups using idempotents. 

In general, let G be a path-connected iZ-group. Suppose that for 1 < j < k there is a family 
of maps ej: G — > G such that: (i) each ej is an idempotent, (ii) e* o ej ~ * if i ^ j, and 
(iii) 1 ~ ei + • • • + e/j, where 1 is the identity map on G and the addition refers to the group 
structure on [G, G] induced by the multiplication on G. The family {ey }y =1 is called a set of 
mutually orthogonal idempotents. Let T(ey) be the telescope of ej, that is, T(ey) = hocolim e< X, and 
let G —> T(ej) be the map to the telescope. Observe that H if {T{ej)) = Im(ej)*. Since e* o ej ~ * 
for i / j we may form the direct sum ©* =1 LZ*(T(ey)), and since 1 ~ ei + • • • + e*, we obtain an 
isomorphism of modules 

ff*(G) £* ® k j= 1 H*(T{ ej )). 


The product of the telescope maps 


k 

G —► 11 T( e 3 ) 

i=i 

therefore induces an isomorphism in homology and so is a homotopy equivalence by Whitehead’s 
Theorem. This is recorded for later use. 


Lemma 2.1. Let G be a path-connected H-group and suppose that {ey}y =1 is a family of mutually 
orthogonal idempotents on G. Then there is a homotopy equivalence G —» IT-1 /'«,*• □ 

Next, suppose that for 1 < j < m there is a family of commuting idempotents ej : G —► G. 
Observe that each pair (ej, 1 — ej) is mutually orthogonal, and the larger family of idempotents 
{ej, 1 — ej}”L 1 all commute. Let J be the collection of 2 m sequences (ai,...,a m ), where each 
Oj € {0,1}. For (ai,... ,a m ) G J , define 


/(• 


ai ,...,a m ) 


: X 




by the composite 


{ ej if aj = 0 

1 - e i if a i = !• 

We record three properties of the maps f{a\,... ,a m ). First, since the idempotents {ej, 1 — ej} 1 JL 1 
commute, each map /( a i s a i so an idempotent. Second, if a' m ) is another such 

idempotent distinct from f{a \,..., a m ), then at least one 1 < j < m satisfies a' ^ aj, for otherwise 
the two maps agree on every aj and so are identical. Therefore the j th term in the composite 
for f(ai ,... ,a m ) is ej and that for f(a[,..., a' m ) is 1 — ej, or vice-versa. But as ej o (1 — ej) 
is null homotopic and the idempotents commute, we obtain f{a\,... ,a m ) o f(a' 1 ,...,a' m ) ~ *. 
Third, since 1 = ej + (1 — ej) for each j, we obtain 1 = (ei + (1 — ei)) o • • • o (e m + (1 — e m )). 
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Expanding gives 1 = £( 0l ,...,a m )e.7/(a 1 ,..., 0m )- The three properties together imply that the collection 
of idempotents {/(ai,...,a m )}(ai,...,a m )ej' is mutually orthogonal. Therefore, if T(ai, ..., a m ) is the 
telescope of f( ai ,...,a m ) then Lemma l2Tl implies the following. 

Lemma 2.2. Let G be a path-connected H-group and suppose that {&j}JL 1 is a family of commuting 
idempotents on G. Then there is a homotopy equivalence G —y II(ai a m )e.7^( a ij • ■ ■ > a m)- □ 

We wish to construct a family of commuting idempotents on (X, A) K . Recall from the Intro¬ 
duction that if I = ,ik) Q [m] then Kj is a full subcomplex of K and there is a map of 

simplicial complexes Kj —y K but not a map I\ —y Kj. However, the situation improves on the 
level of polyhedral products. Let X 1 = X ix x ••• x X ik , let X 1 —>• X m be the map defined by 
sending the j th -iactor of X 1 to the {ij ) th -factor of X m , and let X m — y X 1 be the projection. The 
inclusion of Kj into K induces a map t/: (X, A) Kl —y {2 LjA) K - The following lemma appears 
in [DS] and is an immediate consequence of the definition of the polyhedral product as union of 
coordinate subspaces of X m = Xi X • • • X X m . 

Lemma 2.3. Let Ki be a full subcomplex of K. The following hold: 

(a) the inclusion X 1 — y X m induces a map of polyhedral products (X, A) Kl — y 
(X, A) K which equals ii; 

(b) the projection X m — > X 1 induces a map of polyhedral products tpi: (2L,A) K —> 

(2L,A) Kl ; 

(c) the composite (X_iA) Kl (X ,A) K -^—y (X_>A) Kl identity map. 

□ 


For 1 < j < m, let I ? = [rn] \ { j}. By Lemma [?~dl there is a composite of polyhedral products 

ej: (X,A) k -^4 (X,A) K L % (X,A) K . 

Lemma 2.4. The following hold: 

(a) for 1 < j < m the map ej is an idempotent; 

(b) for any 1 < j, k < m we have ej o = et o ej. 

Proof. Part (a) follows immediately from the definition of ej and Lemma 12.31 (c). For part (b), 
if j = k then the statement is a tautology. Suppose that j ^ k. Let Ij^ = [to] \{j. k}. Observe 
that the composites of projection and inclusion maps X m —► X Ij — y X m — y Xj k — y X m 
and X m —» X Ik — y X m —y X 7j —> X m both equal the composite X m —> X 1 ^ —y X m . 
Therefore, as in Lemma 12.31 ej o e*, = e*, o ej. □ 

By Lemma \2. 41 the maps {e 7 - jf-i are commuting idempotents on (X. A) K . However, this space 
is not an H-space in general so we must loop to obtain one. Since the loop map of an idempotent is 
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an idempotent, {Qej}JT 1 are commuting idempotents on A) K . For (ai,..., a m ) € J, define 

/ (11 . 


by the composite 


{ fie, if a, = 0 
1 — f lej if dj = 1. 

Then each f aj is an idempotent and as {Hej}fL 1 commute, the composite f( ai ,...,a m ) is also an 
idempotent. Let 

T(ai,... ,a m ) = hocolii^/ ((ii am) f2(X, A) K . 

Lemma [2~2l implies the following. 

Proposition 2.5. Assume that (X_,jA) K is simply-connected. Then there is a homotopy equivalence 

Sl(.X,A) K ~ T(oi,...,a m ). 


□ 


We wish to relate the factors T(ai,..., a m ) in the decomposition of H(X_,A) K in Proposition 12.51 
to the factors that appear in the corresponding decomposition for fl(X. A) Kl . 


Lemma 2.6. If j £ I then there is a commutative diagram 


(x,A) K —c x,A) K 


VI 


Vi 


( X,A) Kl - (X,A) Kl . 


Proof. Recall that Ij = [rn]\[j }. Since j ^ I, Kj is a full subcomplex of Ki r So the projection 
X rn — > X 1 is the same as the composite X m —> X Ij —> X m —> X 1 . As in Lemma 12.31 
the induced maps of polyhedral products (X_,A) K — > {X.,A) Kl and (X, A) K —> {X_,A) Kl i — > 
(2L,A) K — > (X. A) Kl are the same. The lemma now follows. □ 

Let T(e.j) be the telescope of ej. Taking telescopes of the horizontal maps in Lemma [276] imme¬ 
diately implies the following. 


Corollary 2.7. If j £ I then there is a commutative diagram 

(X,A) k -- T( ej ) 

Vi 

{X,A) Kl = (X,A) Kl 

□ 
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Now consider the map f( ai ,...,a m ) = fai ° ' ’' 0 fa m where f aj is either flej or 1 — Qej. Suppose 
that j (j I. If a,j = 0 then = Llej. By Lemma 12.61 flipi o Qej = Ctipj. So as the idempotents 
{f lej | 1 < j < to} commute, we obtain 

O f ai o ■ ■ ■ f aj l o Qej o f a . +1 O • • • o f am = Qifii O f ai o ■ ■ ■ f a ._ 1 o f a . +1 O • • • o / ffim . 

If cij = 1 then f a:j = 1 — Qej. By Corollary 12.71 Qpi o (1 — Qej) ~ *. So as the idempotents 
{Qej | 1 < j < to} commute, we obtain 

° fa x O • • • ° (1 - ttej) o f a . +1 O • • • O 

Doing this for every j £ I gives the following. 

Lemma 2.8. Let I = {*i,... ,ik} C [to]. The following hold: 

(a) if a,j = 0 for every j <£ I then Qifi o f ai o ■ ■ ■ o f am ~ o / 0<i o • • • o f a .^ ; 

(b) if aj = 1 for some j ^ I then flipi o f ai o • • • o f am ~ *. 

□ 

Let Jj be the index set for the 2^1 idempotents f( ail ,...,a ik ) used to decompose Q(2f_,A) Kl in 
Theorem 12.51 Notice that by Lemma HTH1 (ah /( ail ) corresponds precisely to the idempotent 
/(ai,...,a m ) on ^l{2LiA) K where every j £ I has aj = 0. Let T(a, 1 ,..., ai k ) be the telescope of 
/(a il ,...,o ifc ). Then Lemma |2.8I implies the following. 

Lemma 2.9. Let I = {*i,... ,ik} C [to]. The following hold: 

(a) if aj = 0 for every j I then there is a commutative diagram 

V(X,A) K -- T(ai,...,a m ) 

Qtpi ~ 

nQL,A) K ' —- T( ail ,...,a ik y, 

(b) if aj = 1 for some j I then the composite T(a \,..., a m ) OfX. A) K — 
flfX, A) Kl is null homotopic. 

□ 


From Lemma [2791 we obtain compatibility for the decompositions of flfX, A) K and Q(X , A) Kl . 


Proposition 2.10. Let I C [to]. There is a homotopy commutative diagram 


fl(X,A) K 

Q,cpi 

Q(2f_, A) Kl 


ri(Qi,...,a m )ey ^( a i5 • • • > a m) 

ni 

El (oij• ■ • > ai k) 
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where nj projects away from factors with aj = 1 for some j £ I and identifies T(ai ,..., a m ) with 
T(ai 1 ,... ,ai k ) for factors with aj = 0 for all j I. □ 

Next, we bring in the dual polyhedral product. By definition, 

(JL,A)d = holim (K,A) Kl 

IC.[m] 

where the homotopy inverse limit is taken over the maps of polyhedral products (X, A) Kj —> 
(X, A) Kl induced by the projection X J —► X 1 when / C J. Looping, we obtain 

^{2L,A)d = Ijolim £l(X_,A) Kl . 

IG[m\ 

On the other hand, by Proposition 12.101 the decompositions of the spaces 12 (X, A) Kl in Theorem l2.5l 
are compatible with the maps £l(X. A) Kl —> 12 (X, A) Kj and induce projections onto factors. 
Therefore liolim il (X. A) K ' is precisely the product of all possible distinct factors that appear in the 

IC.[m] 

decompositions of 12 (X, A) Kl for any I C [m]. Put another way, the only factors of 12 (X_-A) K which 
are not also factors of 12 (X, A)n are those that project trivially under every map nj for all I C [m\. 
There is only one such factor, T(l,..., 1), so we obtain the following. 


Proposition 2.11. There is a homotopy commutative diagram 


flip 

n(x,A)«; 


^( a l> • ' • > a rn) 

7T 

ri(a 1 ,...,a m )ej'\(l,... 1 l) F{Oj\, ' ' • > a m) 


where tt is the projection. 


□ 


Since every factor of ^1(2LtA)d i s & i so a factor of 12(X. A) K and the only additional factor of 
12(X >A) K is T(l,..., 1), Proposition 12.111 immediately implies the following. 

Theorem 2.12. A ssume that (X. A) K is simply-connected. The map ^1{X_,A) K ~ ^ Q{2L,A)d has 
a right homotopy inverse and there is a homotopy equivalence 

fi(I,i)^fi(i,4xr( i.i). 

□ 


3. Further properties of the decompositions 

Next, we show that each of the factors T(ai,..., a m ) in the decompositions for 12 (X, A) K and 
&{x,M is a loop space. Define the space F [ m ] be the homotopy fibration 

F[m] —► (2L,A) k ^ (X,A)«. 

Lemma 3.1. There is a homotopy equivalence T(l, ..., 1) ~ 12F| m ]. 
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Proof. By Theorem 12.121 Clip has a right homotopy inverse. Thus, from the homotopy fibration 
defining Fr m i, we obtain a homotopy equivalence Cl(X_,A) K ~ CI(X_,A)q x ClF[ m ]. Comparing this 
to the homotopy decomposition in Theorem 12. 121 we obtain T(l,..., 1) ~ f2.F[ m ]. □ 

Fix a sequence (a \,..., a m ) € J . Let { a ,... , } consist of all the elements in the sequence 

which are 1 and let {a 7l ,.. •, o.j f } consist of all the elements in the sequence which are 0. Let 
/ = {*i,..., ik} and J = { j \,..., ji}. Note that k + i = m and / fl J = 0. 

By Lemma 12.91 fa) there is a homotopy equivalence T(a\,... ,a m ) ~ T{ai 1 ,..., where 
T(ai 1 , ... ,di k ) is the telescope of the idempotent f aii o • • • o f a = (1 — fle 7l ) o • • • o (1 — flej fc ) 
on fKAL Note that each ai t equals 1 for 1 < t < k, so applying Lemma Id. II to the case 

of Cl(X_,A) Kl immediately implies the following. 

Lemma 3.2. There is a homotopy equivalence 

T{a i,... ,a m ) ~ f IFi 

where I = {i \,..., ife} consists of those indices in [m] for which ai t = 1 and Fj is the homotopy fibre 
of the map ( 2L,A) Ki —* ■ D 

Consequently, the decompositions of Cl(X_, A) K in Theorem l2.5l and of Cl(X. A in Theorem l2.11l 
can be rewritten as follows. 


Theorem 3.3. There is a homotopy commutative diagram 


where tt is the projection. 


V{X,A) K -^n/c W QF ' 




7T 

' ’ 

Il/C[m] QFl- 


□ 


Remark 3.4. It is tempting to suspect that the homotopy decompositions in Theorem 13.31 deloon. 
that is, that there are homotopy equivalences (X. A) K ~ ri/c[m] Fl an< ^ (2L,A)d — Uig H Fj. But 
(X,A) K and (X,A)% are not R-spaces so any hope of delooping the homotopy equivalences would 
come from the homotopy fibrations Fi —> ( X . A) Kl —(A, A) 1 ^ 1 having a splitting of the form 
( X . A) Ki —t Fj. But this does not happen even in the simplest cases. For example, let I\ be two 
disjoint points. By the definition of the polyhedral product, (X_,A) K = {X\ x A 2 ) U {A\ x X 2 ). 
The proper full subcomplexes of K = {1}U{2} are {1}, {2} and 0. The corresponding polyhedral 
products are X\. X 2 and *. Therefore, (X, A)n is th e homotopy inverse limit of the diagram 
X\ —> * <— X' 2 - which is X± x X 2 . This implies that space F[ 2 ] is the homotopy fibre of the 
inclusion (Xi x A{) U (Ai x X 2 ) —> X\ x X 2 . Specializing to A\ = A 2 = *, this fibre is homotopy 
equivalent to that of the inclusion Xi V X- 2 —> X\ x X 2 , which by the Hilton-Milnor Theorem, is 
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SIXi * LlX 2 . The only case when the map LtXi * LIX 2 — > X\ V X 2 has a left homotopy inverse is 
when at least one of X\ or X 2 is trivial. 

4. Further refinement in the case of (CX ,X) K 

Recall from the Introduction that if the simplicial complex K is totally homology tillable (a 
property that includes shifted, shellable and sequentially Cohen-Macaulay complexes) then there is 
a homotopy equivalence 

(CX,X) K ~ V i:\Kj\AX 1 

I(£K 

and E|A7| is homotopy equivalent to a wedge of spheres. Thus ( CX , X ) K is homotopy equivalent 
to a wedge sum of spaces of the form E* X^ A • • • A Xi k for various t > 1 and 1 < ii < ■ ■ ■ < ik < to. 
In this section we show that for this class of polyhedral products the spaces A/ that appear in the 
decompositions of Q(X, A) K and fiQf, A)p can be more explicitly identified. 

To prepare, we require two general lemmas. For spaces B and C the right half-smash of B and C 
is the quotient space B xC = ( BxC )/ ~ where (*,c) ~ *. It is well-known that if B is a co-A-space 
then there is a homotopy equivalence BxC ~ B V (B A C). The following lemma is well known 
and follows easily from the methods in |G2| (a more detailed statement and its proof appear later 
in Theorem 17.II) . 

Lemma 4.1. Let B be a path-connected pointed space and C a simply-connected, pointed space. Let 
B V C —> C be the pinch map. Then there is a homotopy fibration 

BxLlC -^BWC —> C. 

This homotopy fibration is natural for maps B —> B' and C —> C' □ 

In Q] it is shown that if Y is a pointed, path-connected space then there is a homotopy equivalence 

OO 

EfIEF ~ \J E Y( n) . 

n =1 

An immediate consequence is the following. 

Lemma 4.2. LetX andY be a pointed, path-connected spaces. Then there is a homotopy equivalence 

OO 

EX A 12EF ~ \f (EX A F (n) ) 

n= 1 

which is natural for maps X — > X' and Y —> Y'. □ 


We now give a construction that will identify the homotopy type of the space F| m ] in the case of 
a polyhedral product ( CX . X ) K wheere K is totally homology tillable. Recall that, for 1 < j < m, 
Ij = [m]\{j} and is the idempotent 


(CX,X) 


K 


(CX,X) 


K 


(CX .X) K h 
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induced by projecting ( CX) m to (CX )b and then including back into ( CX) m . First consider e\. 
Since ( CX ,X) K is homotopy equivalent to a wedge of spaces of the form YfX^A- ■ • AA ifc for various 
t > 1 and 1 < < • • • < < m, we can write 

(CX.X) K ~ E B x V ECi 

where each wedge summand of B i has A'i as a smash factor and each wedge summand of C\ does 
not have A'i as a smash factor. 

Lemma 4.3. The following hold: 

(a) the restriction of e\ to YiB\ is null homotopic; 

(b) the restriction of e i to ECi is the inclusion o/ECi into ( CX , X ) K ; 

(c) part (a) implies that there is a homotopy commutative diagram 

TiBi V ECi -- —ECi 

(CX . X) K -^ (CX .X ) Kl i 

where q± is the pinch map. 

Proof. The wedge decomposition of ( CX . X) K is natural with respect to maps of simplicial com¬ 
plexes. Applying this to the composite e \: ( CX .X) K —> ( CX . X) Kl ^ —> ( CX . X) K , the fact that 
I\ = {2,... ,m} implies that any wedge summand of ( CX . X) K involving X\ is mapped trivially to 

( CX . X ) Kl while any wedge summand not involving X\ is mapped identically to itself by e\. This 

proves parts (a) and (b). Part (c) follows immediately from part (a). □ 

Define the space G± and the map g\ by the homotopy fibration 

G\ V ECi ^4 ECi. 

By Lemmas 14.11 and 14.21 there are natural homotopy equivalences 

( OO 

\J (ESi A (Ci) (n) ) 

n=l 

Observe that, by definition, each wedge summand in B\ is a smash product with X\ as a factor, 
so every wedge summand of B\ A (Ci)^ is also a smash product with X\ as a factor. Therefore, 
every wedge summand of G\ is the suspension of a smash product that has X\ as a factor. We now 
separate out those wedge summands that also have Xo. as a factor. As the wedge summands are all 
suspensions, we can write 



Gi = £B 2 V EG 2 
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where each wedge summand of B 2 is a smash product with Xi and X 2 as factors and each wedge 
summand of C 2 is a smash product with A'i as a factor but not X 2 . Let ipi be the composite 

fa : Gi -^A EBi V ECT ^A (CX.X) K . 

Lemma 4.4. For the composite G\ = YiB 2 V EC 2 —A ( CX . X) K -^A ( CX . X ) K the following hold: 

(a) the restriction of e 2 o ipi to T,B 2 is null homotopic; 

(b) the restriction of e 2 o ipi to EC 2 is homotopic to the restriction of ip 1 to ECT; 

(c) part (a) implies that there is a homotopy commutative diagram 

t,b 2 V ec 2 —-— ec 2 

Gi 

■01 

(cx . x) K -- (C2L,x) Ki 2 

where q 2 is the pinch map. 


Proof. The proofs of parts (a) and (b) start by reorganizing the data in order to apply the naturality 
of Lemma im First consider ( CX . X) K ~ Ei?i V ECT. As all the wedge summands of ERi and ECi 
are suspensions, we may write ERi = ERpi V Ei?i j2 and ECi = ECip V ECT , 2 where E B\ \ 
(ECT,i respectively) consists of those wedge summands of E£?i (ECT) having AT as a smash factor 
but not X 2 , and Ei?i j2 (ECi j2 ) consists of those wedge summands of ERi (ECT) having both X\ 
and X 2 as smash factors. The pinch map HB\ V ECi -^A ECi can then be rewritten as a pinch map 
YjBi i V Y(Bi 2 V ECi,i V ECT , 2 —^ ECi,i V ECi ;2 . 

Let E B! 2 = ER 1j2 V SCT , 2 and let EC 2 = T,B 1A V ECT,!- Notice that (CX, X) K ~ E B' 2 V EC^ 
where E B 2 consists of all wedge summands in ( CX . X) K which are smash products with X 2 as 
a factor and E C 2 consists of all wedge summands in ( CX , X ) K which are smash products not 
having X 2 as a factor. As in Lemma 14.31 the restriction of e 2 to ER 2 is null homotopic and the 
restriction to EC 2 is the inclusion of EC 2 into ( CX . X ) K . Therefore the composite E B 2 V E C 2 -—>■ 
( CX . X) K — > ( CX . 2Q K ' 2 factors through the pinch map q 2 : E B 2 V EC 2 —E C 2 . Reordering 
the wedge summands, q 2 can be regarded as the wedge sum ERpi V ERi i2 V ECip V ECi j2 qBWqc > 
E Bi x V EC^i of the pinch maps qs '■ E Bi = E B 11 V ER 1>2 — > Eand qc : ECi = ECT,i V 
ECT , 2 —> EGip. 

Putting <71 and q 2 together, by the naturality of Lemma [XT] there is a homotopy fibration diagram 


E£?i x flECi -ERyi V ERi , 2 V ECT,i V ECT, 2 -ECT,i V ECT, 2 


<JB XlOgc 

ESi,i x fJECT.i 


qB Vqc 

’ ■ 

EB m VECi,! 


qc 

EGi,i 















16 


STEPHEN THERIAULT 


where g is the pinch map. Putting the left square together with the factorization of e 2 through q' 2 
gives a homotopy commutative diagram 


T 1 B 1 x flEGi - 
qBX^qc 

EBi,i x f2EG M 


YjBi i V Y]Bi 2 V EGi p 

9B V?c 

->■ £B M V ECi.i 


V ECi^ 


££?2 V T,C 2 —^ (CX, X) K 

?2 

= EC2->■ (cx,2D Kl2 - 


Notice that G 1 ~ E£?i x flEGi and the top row is homotopic to i/u. 

The maps gs and gc pinch out any wedge summands of £I?i and EGi respectively that have X 2 
as a smash factor. As qs and qc are suspensions, the naturality of the wedge decomposition (j4]) of 
G 1 ~ T,Bi x fiECi implies that qs x flgc pinches out any wedge summand of G 1 having both X\ 
and X 2 as factors, and sends any wedge summand having X\ as a smash factor but not X 2 identically 
to itself in EBi : i x flEGiq. That is, qs x flgc is the same as the map Gi = £i ?2 V EG 2 -^4 EC 2 . 
Therefore, the homotopy commutativity of the previous diagram implies that the restriction of e 20 if\ 
to T,B 2 is null homotopic and the restriction to EC 2 is the restriction of if>i. This proves parts (a) 
and (b). Part (c) follows immediately from part (a). □ 


Now proceed as before by taking the homotopy fibre of the pinch map G 1 = T,B 2 V SC 2 -4 EG 2 . 
Iterating, for 1 < j < m we obtain homotopy fibrations 


G 


j +1 


Gj ~ E Bj V E Cj -4 


EG, 


where qj is the pinch map; every wedge summand of Bj is a smash product with X\ ,..., Xj as 
factors; every wedge summand of Cj is a smash product with X\ ,..., Xj-i as factors but not Xj-, 
and there are natural homotopy equivalences 

( OO 

V(£^A(G,)W) 

n—1 



Further, if 'i/jj is the composite 


ipj : Gj 44 Gj -1 (CX, X) K 

then arguing as in Lemma 14.41 the following hold. 

Lemma 4.5. For the composite Gj = T,Bj V T,Cj —A ( CX ,X) K —4 ( CX , X) K the following hold: 

(a) the restriction of ej o ifj to T,Bj is null homotopic; 

(b) the restriction of ej o ipj to E Cj is homotopic to the restriction of ipj to E Cj; 
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(c) part (a) implies that there is a homotopy commutative diagram 

>:/»', v y.c, —-—- so, 

G j 

i>3 

(CX. X) K -► (CX.X) Kl i 

where qj is the pinch map. 

□ 


For 1 < j < m , let 9j be the composite 

6j : yCj -a E Bj V E Cj = C 3 % (CX.X) K 
and let 9 be the product of the maps fldj: 

m 

9: f2E Cj —> Q(CX.X) K . 

i=i 

Let 9 ■ i/j m be the composite 

m 

9 ■ i>m- (J| vxCj) x n(cx.x) K x n tcx .x) K —^-a tkcx.x) k 

7=1 

where p is the loop multiplication. 

Lemma 4.6. Suppose that I\ is totally homology fillable. Then the map (n”Li fiEC7j) x f IGm 
f K CX . X ) K is a homotopy equivalence. 

Proof. In general, the homotopy fibration B x f 1C —> B V C —> C in Lemma 14.11 has a section 
C —> B V C given by the inclusion of the wedge summand. Therefore, after looping, there is 
a homotopy equivalence f 1C x (f IB x TIC) Q(B V C). In our case, for 1 < j < to, from 
the homotopy fibration Gy+i —> Gj = E Bj V E Cj —> E Cj we obtain a homotopy equivalence 
TYBCj x VtGj+i ^A f IGj. Iteratively substituting the homotopy equivalence for TIGj+i into that 
for TlGj , we obtain a homotopy equivalence (n 7 = . .j flECj) x f lG m —> Tl( CX . X ) K . Notice that the 
restriction of this homotopy equivalence to TTBCj is the definition of f 19j and the restriction to flG m 
is Ttifm. Thus the equivalence is 9 ■ Thl> m . □ 

Theorem 13.31 and Lemma T4.61 give different homotopy equivalences for TU CX , X) K . We wish to 
compare them. 

Lemma 4.7. The composite G m ( CX . X) K —^A ( CX .X)p is null homotopic. 
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Proof. Fix an integer j for 1 < j < m. Consider the homotopy fibration G 3+ \ ^4 Gj E Cj . By 


Aj , 

( CX , X) Kl i factors through qj. There- 

V’i+i 


Lemma 03] (c), the composite 7 ^: Gj -4- ( CX . X) K 

fore 7 j o gj + i is null homotopic. By definition, ipj+i = tp 3 o Qj+\ , so the composite Gj+i 
( CX . X ) K —> ( CX . X) Kl i is null homotopic. The recursive definition of ip m implies that it factors 
through tpj so the composite G m ( CX . X) K —> ( CX . X) K 'i is null homotopic. This holds for 
all 1 < j < to, so ip m composes trivially into ( CX . X ) Kl i for all j. But this implies that ip m composes 
trivially to ( CX . X) Kl for every proper subset I of [to] because the projection ( CX) m —> (CX) 1 
has to factor through some (CX) 1 *. Looping, f 1ip m composes trivially to fl( CX , X ) Kl for any 
I C [to]. But by Proposition 12.111 fl( CX ,X)p decomposes as a product, each factor of which 
is a factor of f K CX , X) Kl for some /, and this decomposition is compatible with flip. Thus the 
composite flG m — fl( CX , X) K -^4 fl( CX . X )p is null homotopic. 

To deloop this, observe that as G m is a suspension there is a map G m —> T,flG m which is a right 
homotopy inverse of the evaluation map ev: Ef2G m —> G m . The naturality of the evaluation map 
implies that there is a homotopy commutative diagram 

HQlpr, 


Gn 



Ef IGr, 


Gr, 


Efl(CX.X) 


K 




ZfKCX.x)* 


ev 

ev 

Ipm / 



(CX.X) 


(CX,2[)Z- 


The null homotopy for flip o flip m therefore implies that ip o ip m is also null homotopic. 
Recall that there is a homotopy fibration Fj m ] —>• ( CX .X) K — ( CX . X)p. 


□ 


Corollary 4.8. There is a lift 


Gr, 


A / 


Fu 


(CX,X) 


K 


(CX,JQZ 


for some map X. Further, flX has a left, homotopy inverse. 


Proof. The existence of the lift follows immediately from Lemma [4.71 By Lemma [4.61 flip m has a 
left homotopy inverse. The fact that A factors through ip m then implies that flX also has a left 
homotopy inverse. □ 

Lemma 4.9. nr= 1 flTiCj f K CX . X ) K -^4 fl( CX , X)p has a left homotopy inverse. 

CIO ■ 

Proof. Fix an integer j for 1 < j < m. By Lemma \4. 6 1 the map fl’ECj —4 f K CX . X) K has a left 
homotopy inverse. On the other hand, by Lemma l4.5h bh ejoOj ~ 9j. This implies that the composite 
flTiCj —4 fl( CX . X ) K —> fl( CX . X ) K: > —> fl( CX . X ) K has a left homotopy inverse. Therefore 
the composite ffECj —4 f K CX , X) K —> f K CX , X ) K i has a left homotopy inverse. By definition 
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of ( CX . X)p as a homotopy limit, the map ( CX , X) K —> ( CX , X ) k j factors through ( CX . X )p. 
Thus the composite flT,Cj —4 fl( CX , AQ a HI CX , has a left homotopy inverse. This is 
true for all 1 < j < m. Collectively, no overlap in the factors in the different retractions occurs 
because the product map W'j-\ CXCj —^ fl( CX . X) K has a left homotopy inverse. Hence the 
composite YYjLi f K CX . X ) K — ^ fl( CX . X)p also has a left homotopy inverse. □ 

Proposition 4.10. Let I\ be a totally homology fillable simplicial complex. Then the map G m - J >- 
T| m ] in Corollary \4-8\ is a homotopy equivalence. 


Remark 4.11. It is worth repeating at this point that G m is homotopy equivalent to a wedge of 
spaces of the form A • ■ • A X ik where t > 1 and {1,..., to} C (i 1; ..., i k }. That is, each X, : for 

1 < i < to appears as a smash factor in every wedge summands of G m . 

Proof. On the one hand, by Theorem 13.31 the homotopy fibration FJ m ] —■> fl( CX , X ) K -^4 
fl( CX , X)p splits to give a homotopy equivalence fl( CX . X_) K ~ fl( CX . JQn x QF[ m ]. On the 
other hand, by Lemma T4.61 the composite (]~17= l x ^G m 9 > Tl( CX . X ) k is a homotopy 

equivalence. We compare the two decompositions. 

By Lemma [4.91 the composite h: njl-j CTCj —tt( CX , X ) K —^ Ll( CX , Xlp has a left ho¬ 
motopy inverse. By Corollary 14.81 the map LlG m —4 fK CX . X ) K lifts to a map TtG m f2F[ m ] 
and flX has a left homotopy inverse. Thus the product map 

m 

T: fl(CX. X) K ———> (J| flEC k ) x flG m fl(CX.X)% x QF [m] ———> fl(CX. X) K 

i=i 

has the property that h x flX has a left homotopy inverse. In particular, h x flX induces an injection 
in homology and therefore T* is an injection in homology with any coefficients. Taking Z/pZ or Q 
coefficients, T* is a self-map of a finite type module which is an injection, and so it is an isomorphism. 
Thus T induces an isomorphism in mod-p and rational homology and so induces an isomorphism in 
integral homology. Therefore T is a homotopy equivalence. This implies that h x HA is a homotopy 
equivalence. As h x HA is a product map, each of h and HA must therefore be a homotopy equivalence. 

Finally, since HA is a homotopy equivalence, it induces an isomorphism on homotopy groups, and 
therefore so does A. Hence A is also a homotopy equivalence, as asserted. □ 

By Theorem 13.31 each factor in the homotopy decompositions of fl( CX , X) K and fl( CX . is 
of the form flFj where Fj is the homotopy fibre of the map ( CX . X) Kl —> ( CX . X )^, 1 . Further, 
by |IK2j any subcomplex of a totally homology fillable simplicial complex is itself totally homology 
fillable. Therefore Proposition 14.101 applies to each Fj to obtain the following. 


Theorem 4.12. Let K be a totally homology fillable simplicial complex. Then the homotopy de¬ 
compositions 

fl(CX.X) K ~ Y[ QF r fKCX.X)^ ~ Y[ nF i 

I C [m] I C [m] 
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in Theorem \3.3\ have the property that each space Fj is homotopy equivalent to a wedge of summands, 
where each wedge summand is the suspension of a smash product having Xi as a factor for all i € I. □ 

5. A GENERALIZATION TO (A,*) X 

In this section we show that Theorem l4. 121 gives useful information for a wider range of polyhedral 
products. Let {A f} r fL 1 be a collection of pointed CW-complexes and let I\ be a simplicial complex 
on the vertex set [to]. Bahri, Bendersky, Cohen and Gitler [BBCG , Corollary 2.32], relying heavily 
on a result of Denham and Suciu [DS] , show that there is a homotopy fibration 

m 

(5) (CnXMX) K —> ( X, ± ) K —► Y[x t . 

2—1 

The spaces (X, *) K include many familiar spaces: if K is to disjoint points then (X_,*) K is homotopy 
equivalent to the wedge Aj V • • ■ V X m ; if K is the boundary of the standard (to — l)-simplex then 
(A, *) K is the fat wedge in n”=i A,; and crucially to toric topology, if each Xi = C P°° then (A, ±) K 
is the Davis-Januszkiewicz space DJk- 

Each vertex i of K is the full subcomplex Ku \, and the polyhedral product (A, *) is: i < > is simply X 
So including i into I\ we obtain a map of polyhedral products Xi —> (X_,*) K which, when composed 
to Y\T=i A i, is the inclusion of the i th factor. After looping we can take the product of all such maps 
for 1 < i < to to obtain a section for the map f2(A, ±) K —> n7= l ^A», implying the following. 

Lemma 5.1. The homotopy fibration f5[) splits after looping, resulting in a homotopy equivalence 

m 

n(x,*) K ~ (JJnXi) x n (cnx , nx) K . 

2=1 

□ 

We wish to show that the homotopy equivalence in Lemma 15.11 is compatible with that in Theo¬ 
rem I4T21 The following lemma does this. Write Ft(X, *1 and Fr( CLlX . IIA j for the spaces Fi that 
appear in the respective decompositions of fl(X, *) K and Ll( CflX , TlX ) K in Theorem 13.31 

Lemma 5.2. Let 1 < i < m. The following hold: 

(a) F {i} (X, ± )~X i; 

(b) F {ii (cnx,nx)~* ; 

(c) for I C [to] and I ^ {*} for any l < i < m, the map ( CCIX , QX ) K —> (X, *) K 
induces a homotopy equivalence Frf CflX , QX ) ~ Fj(X, *). 

Proof. In general, for (A, A ) K , the definition of the polyhedral product implies that (X, A) K ^ = X, . 
By the definition of the dual polyhedral product as a homotopy colimit over the proper sub¬ 
complexes of K , we obtain (X, A)^, M = *, and by definition, Fuy is the homotopy fibre of the 
map (X_,A) K W —> (A,A)^ { ‘ } . Thus F^y ~ X t . In particular, we obtain TpjQT,*) ~ Xi and 
F{,\( CQX , iLX_) ~ CLlXi ~ *. Part (c) now follows from parts (a) and (b) and Lemma l5Tl □ 
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Consequently, by applying Theorem 14.121 to Q( CQX , QX ) K we obtain the following. 

Theorem 5.3. Let K be a totally homology fillable simplicial complex. Then there are homotopy 
decompositions 

m m 

n(x,*) K ~ (n«^) x n nFi - (n^) x n nFr 


i= 1 


/C [m] 


i=l 


JC[ra] 

mn 


where each Fj is homotopy equivalent to a wedge of summands, and each wedge summand is the 
suspension of a smash product having QXi as a factor for all i € I . □ 

In particular, if each X,; is C P°° then (X, *) K = DJ(I\) and QXi ~ S 1 . So Theorem 15.31 gives 
a homotopy decomposition for QDJ(K) in which every F[ is homotopy equivalent to a wedge of 
spheres. 


Part 2. Whitehead products. 

6. Whitehead products and Porter’s Theorem 

In studying thin products it is important to have a good grip on the homotopy theory of the 
wedge V™i W- Consider the homotopy Hbration 

m m 

r(x) 1 ^ \/Xi— >nw. 

i=l i=l 

When to = 2 Ganea [G2] identified the homotopy type of T(X) as EtLYi A QX 2 and the homotopy 
class of 7(20 as a Whitehead product that depends on the evaluation maps from EfiXi and Y 1 QX 2 
to X\ and X 2 respectively. Porter [Pj generalized this by identifying the homotopy type of T(20 for 
any m > 2. 

Theorem 6.1. Let Xi,... ,X m be simply-connnected, pointed CW-complexes. Then there is a 
homotopy equivalence 

m j 

nx) ^ v V (k-l)(?,nx il A---AQX ik ) 

k— 2 V l<i\<-"<ik<m 


which is natural for maps Xi 


Y,. 


□ 


However, Porter did not identify the homotopy class of the map 7(X). It is folklore that it too 
is determined by Whitehead products that depend on evaluation maps, but there seems to be no 
proof of this in the literature. As this will be important in what follows, in this section we carry out 
the identification. Along the way will be various constructions that will also play a role in the other 
sections in this part. As this section is long, we start with the statement we aim to prove. 

For 1 < j < m, let 


s j ■ Xj 


\JXi 


i =1 
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be the inclusion of the j -wedge summand. Let tj be the composite 

m 

tj ■. znXj -^4 Xj 44 \f Xj 

i—l 

where ev is the canonical evaluation map. 

Theorem 6.2. Let X\,. X rn be simply-connnected, pointed CW-complexes. Then there is a 
natural homotopy equivalence 

m / 

r(x) ~ \/ V ( fc -1)(snXi, a • • • a nx ik ) 

k =2 \ l<ii<m 

which may be chosen so that the restriction of 'y(X) to Ef IX^ A • • • Af tXj k is an iterated Whitehead 
product of length k formed from the maps t ^,..., ti k . 

Theorem 16.21 will be proved in two stages, first in the special case when each X k = EYj and then 
in the general case. The first case allows for the use of the Bott-Samelson Theorem. Take homology 
with field coefficients. There are algebra isomorphisms 

m 

E 4)) = T(V) “ UL(V) 

i—l 

where V = Lf*(V4=i 4)> T(-) is the free tensor algebra functor, L(V) is the free Lie algebra on V 
and ULlfV) is its universal enveloping algebra. The connection to Lie algebras plays a key role, so 
we begin with some properties of free Lie algebras. 

6.1. Lie algebra properties. Let R be a principal ideal domain and let V = {Vi,..., v m } be a 
free i?-module. Let L = L(V) be the free Lie algebra generated by V. Let L a b = L a b(V) be the free 
abelian Lie algebra generated by V, that is, the Lie bracket in L a b(V) is identically zero. There is a 
map of Lie algebras L —> L a b defined by sending a generator Vi £ L to Vi & L a b and any nontrivial 
bracket in L to zero. Let [L,L] be the kernel of this map. Then there is a short exact sequence of 
Lie algebras 

0 —> [L, L] —» L —» L ab —» 0 

and [L, L] is a sub-Lie algebra of a free Lie algebra so is itself free. We will describe a Lie basis 
for [L,L\. 

For any Lie algebra C with bracket [ , ], if x, y € C let ad(x)(y ) = [x,y]. More generally, starting 
with adP(x)(y) = y, for any integer k > 1 let ad k (x)(y) = [;r, ad k ' X (^)(2/)]- 

Consider L = L{v i,..., v m ). For 1 < i < to, let L ab (vi ) be the free abelian Lie algebra generated 
by {vi}. An J?-module basis for L ab (vi) is Define L\ by the short exact sequence of Lie 

algebras 
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where sends 1 and V\ to themselves and every other i?-module basis element of L to zero. Then Li 
is the kernel of i\, it is a sub-Lie algebra of the free Lie algebra L, and so is itself free. One way to 
obtain a Lie basis for L\ is as follows (see, for example, ( CMN1 3.13] or (N[ 8.7.2 and 8.7.3]). Let W\ 
be a Lie basis for L\. The Lie bracket L x L —> L induces a right action Wi x {ui} —► W\ given 
by sending the pair (w,v i) to ad(w)(v i) = \w,vi\. Let W\ = V — {ui} = {v 2 , ■ ■ ■ ,v m }. Restricting 
the action to the subset W\ we obtain 

W\ = {ad k (x)(y i) | x € Wi,k > 0}. 

Now iterate. For t < i — 1, assume that L t has been defined, it is a free Lie algebra with basis Wt, 
and ..., v m } C Wt- Define Li by the short exact sequence of Lie algebras 

0 —> Li —> i -S- L ab (vi) —> 0 

where £,, sends 1 and z>i to themselves and every other i?-module basis element of Li_i to zero. 
Then Li is the kernel of £i, it is a sub-Lie algebra of the free Lie algebra Li_i, and so is itself free. 
As above, if Wi is a Lie basis for Li and Wi -1 = Wi -1 — {u^}, then 

Wi = {ad k (x)(vi) | x € Wi-i,k > 0}. 


At the end of the iteration we obtain a free Lie algebra L m with Lie basis W m which depends 
recursively on W m -\. The Lie algebra L m is useful because, as the next lemma shows, it is identical 
to [L, L], and so gives a way of describing the Lie basis of [L, L]. 

Lemma 6.3. There is an isomorphism of Lie algebras L m = [L,L\. 


Proof. Observe that there is a commutative diagram of exact sequences 

h 

L 1 -9- L -S- Lab(v l) 

(■2 

Lab{v 2 ) -► L ab (v 1 ) x L ab (v 2 ) - L ab (v 1 ). 

This implies that the kernel of L —>■ L ab (v 1 ) x L ab (vf) is the same as that of i 2 , which is L 2 . We 
now argue by induction. Assume that Li is the kernel of the map L —»• J~[] =1 L ab {vi). Then there 
is a commutative diagram of exact sequences 


Li 


rit=i L ab (vi) 


Lab(Vi+ 1 ) - 5 - -► n*=l Lab{vt). 
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Therefore the kernel of L —> L a b(v t ) is the same as that of £i + 1 , which is L i+ 1 . Hence, by 

induction, there is a short exact sequence of Lie algebras 

m 

Lm t L y 11 L a b{Vi). 

i= 1 

Observe that n”=i L a b{vi) — L a b(v i,... ,v m ) and L —> L a b(vi) is the abelianization. There¬ 
fore L m is the kernel of abelianization map L —> L a b. But, by definition, this kernel is [L,L\. □ 

We next describe a distinguished subset of the Lie basis for [L,L\. 

Lemma 6.4. In the Lie basis W m for [L, L], where L = L(v i,..., v m ), there are to —1 basis elements 
that are length m brackets having each Vi appear exactly once. 

Proof. The proof is by induction on to. The base case is when to = 2, in which case L = L(v 1 ,^ 2 ) 
and [L,L] has only one bracket of length 2 having each Vi appear once, namely, [ui,^]- Assume 
that the statement holds for L(vi ,..., v m -i)- 

Consider L = L(vi ,..., v m ). By Lemma 16.31 there is a Lie algebra isomorphism [L,L] = L m 
where L m is a free Lie algebra with Lie basis W m . Recall that W m has been defined recursively, 
W m = W m -1 U { ad k (x)(v m ) | x G W m _i,fc > 1}, where W m -1 = W m _i - {v m }. Observe that as 
we seek brackets where each Vi appears exactly once, we may restrict to the k = 1 case. Define W' m 
recursively by W' 2 = {vi,ad(vi)(v 1 ) 2 < i < to} and 

W^ = W 7 ™-! U {ad(x){v m ) | x G W ^_ 1 }, 

where W m _ 1 = W' m _ x — {v m }. Since the maximum bracket length in W{ is 2, the recursive definition 
of W' m implies that the maximum bracket length in W' n is m + 1. 

Let w be a Lie basis element of length m in W' m where each Vi appears once. First, suppose 
that w is in W m _ 1 . Since W^_ x = W m _ 2 U {ad(x)(v m - 1 ) | x G W m _ 2 j and the maximum bracket 
length in w' m _ 2 C W' m _ 2 is to — 1, we have w G {ad(x)(v m - 1 ) | x G w' m _ 2 j. But then x must have 
bracket length to — 1, and we may iterate the argument to show that x = [...,[?/, iq], U 2 ],..., v m -i\ 
for y G W{. Therefore w = [...,[y,v 1 ], U 2 ],..., u m _i], u m ] and the only choice for y which gives 
a bracket of length to. with each u,; appearing once is y = v rn . Second, suppose that w is in 
{ad(x)(v m ) | x G W m _ 1 }. Then x must be a Lie basis element where each v, L for 1 < i < m — 1 
appears exactly once. As only the variables v \,..., v m -i appear, x G L(v 1 ,..., v m ), and by inductive 
hypothesis there are to — 2 choices for such an x. Hence, in total there are to — 1 Lie basis elements 
of [L, L] of length m where each u* appears once. □ 

Let B consist of those Lie basis elements for [ L , L\ which are length k brackets which consist of k 
different vfs, for 2 < k < to. 
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Lemma 6.5. The set B decomposes as the disjoint union 

m f 

II II * 

k —2 y l<ii 

where consists of the (k — 1) distinct Lie basis elements in Hv^,,Vi k ) of length k where 

each Vi t appears exactly once. 



Proof. This follows by taking all possible ordered subsets {ii,... ,ik} of {1,... ,m} and applying 
Lemma l6~4l to L(vs 1 . vs,_). □ 


6.2. The case when X, = E Yi for 1 < i < m. The set B will be used to define certain Whitehead 
products. Let I be a sequence of pointed, simply-connected topological spaces X\,... ,X m . As 
before, for 1 < j < m, let 

m 

sp-Xj .•> \/ A ' 

2=1 

be the inclusion of the j th -wedge summand and let tj be the composite 

m 

tj : y.V.X, --H. A' ; \J Xi 
2=1 

where ev is the canonical evaluation map. Let w G C B. Let 

m 

® W {X ): znx n A • • • A nx ik —> V Xi 

2=1 

be the iterated Whitehead product of the maps ,..., ti k corresponding to w. For example, if 
w = [..., [vi^ViJyV^],.. .,v ik \ then & W (X) = [..., ... ,t ik \. Let 

m / \ m 

Q(X ): V V {k - 1) xnx n A nx ik —\J x t 

k =2 V 1<21 <---< 2 fc <m J 2=1 

be the wedge sum of the maps Q W (2Q for all w G B. 

Consider the homotopy fibration T(A) ^=9 VuLi X t —> ]”[;= x Xj. Every Q W (JQ composes 
trivially into the product and therefore so does 0(X). Thus there is a lift 


( 6 ) 


V k—2 (vl<ii<.. 1) EfiXjj Af lX ik ^ 

&UQ 


nx ) 


7(A) 


V£i Xi 


for some map 6. Notice that by Theorem 16.11 T(A) has the same homotopy type as the domain 
of 6. We claim that 6 is a homotopy equivalence. To show this we break the proof into two cases: 
the special case when each X t is a suspension, and then the general case. We begin with some 
observations and definitions. 
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The adjoint of the map tj is the composite 5 IXj 57E57X, '—)■ 57X —4 57 (Villi Xi). Since 

57eu o E is homotopic to the identity map on flX , the adjoint of tj is homotopic to 57s.,. Let 

m 

S W {X) : nx tl A • • • A nx lk —> fl{\J X t ) 

i= 1 

be the adjoint of O w (X). Then S W {X) is an iterated Samelson product of the maps 57si l; ..., Osj fe . 
Let 

ml \ m 

S(X) : V V (k- 1) nx n A nx ik —»• n(y x ?: ) 

yl<ii<m / i=l 

be the wedge sum of the maps S W (JQ for all w £ B. Then 5QQ is the adjoint of 0(X). By the 
James construction Q], the map S(X) extends to a map 


(7) 57E \/ 

\fc=2 \ l<ii< 

which is homotopic to 570 (X). 


\f {k - 1) ttX n A nXj 




i= 1 


Proposition 6.6. Suppose that Xi = EY* for 1 < i < m. Then the map 0 in © is a homotopy 
equivalence. 


Proof. It suffices to show that 570 induces an isomorphism in homology with coefficients in any field. 
For if so, then 570 induces an isomorphism in homology with integral coefficients and so is a homotopy 
equivalence by Whitehead’s Theorem. As 570 is a homotopy equivalence it induces an isomorphism 
on homotopy groups and therefore so does 0, implying that 0 is a homotopy equivalence. 

Take homology with field coefficients. By the Bott-Samelson Theorem there is an algebra iso¬ 
morphism iL*(57(\/”L 1 EYj)) — 1 5^)). For 1 < i < m, let Vi = H*(Yi) and let V = 

Then -H*(f7(ViHi El*)) = T( V) = UL(V). Let w £ and for 1 < t < k suppose 

that Xi t £ H*(£laY it ) = ULiy it ). Write w(xi 1 , ... ,Xi k ) for the bracket in ULfV^ © ••• © Vi k ) 
in which each Vi t in w is replaced by Xi t . For example, if w = [... [ui i; Wi 2 ], Uj 3 ],... Vi k ] then 
w(xi 1 ,..., Xi k ) = [■ • ■ \xi k , Xi 2 ],Xi 3 ],..., Xi k \. Since 57EY,' —4- 57(V™ 1 EYj) induces in homology the 
inclusion UL(Vj) —> UL(V ) for all j, the Samelson product 57E5^ 1 A- • •A57EY ifc 57(V™! EY) 

has image in homology given by 

linos'™(EY))* = {w(x iiy ...,Xi k ) | x it £ UL(V it )} 

C UL(V il )U---UUL(V ik ) 

= UL{V n ©•••©F ifc ) 

= UL(V) 

where II is the free product. In particular, as the Xif s are in distinct free product factors, (^(EY))* 
is an injection. Further, any two distinct elements wi,W 2 £ B i 1 ,...,i k are distinct Lie basis elements 
in L(uj i; ... ,Vi k ) so the images of (S„„ (' EY ))* and (5„,J SY )), correspond to distinct bracketings 
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of elements in the free product UL(V jj) II • • • II UL(Vi k ), and therefore intersect trivially. More 
generally, the same holds for any two distinct elements in B so we obtain that the wedge sum S'(EF) 
of the maps S w (EYj induces an injection in homology. That is, if 

m I 

m = h4\J 

k—1 yi<ii< 

then (iS(SF))* maps M injectively into UL(V) = T(V). In general, since T(V) is a free ten¬ 
sor algebra, any injection M — »■ T(V) from an I?-module M extends to an injection of alge¬ 
bras T(M ) — > T(V). Thus, in our case, extending the map S( EY ) multiplicatively to f20(EF) 
by the James construction as in 0 and taking homology, we obtain an injection of algebras 
(f20(EY))*: T(M) — > T(V). The homotopy commutativity of d 6 j) therefore implies that (f20)* 
is also an injection in homology, as required. □ 



Proof of Theorem 16.21 when X t = EYi for 1 < i < m. The homotopy equivalence for T(ET) and the 
description of 7 (ST) in terms of Whitehead products follows immediately from the definition of 
0(EF), the lift in (JG)) and Proposition 16.61 The naturality statement holds by the naturality of 
Whitehead products. □ 


6.3. The general case. The idea is to consider the wedge of evaluation maps Vl=i EQX, —y 
V™ i Xi, apply the suspension case to the left wedge and use various naturality properties to deduce 
the general case for the right wedge. This will involve looping at a certain point, so it is useful to 
record the following lemma. 

Recall that Sj: X 3 — y VtLi is the inclusion of the j th wedge summand. After looping the 
maps flsj can be multiplied together to obtain a right homotopy inverse for the map —* 

n™i IIW- Thus the homotopy fibration T(X) \J™_ 1 Xi —> Y\sL\Xi splits after looping and 
we obtain the following. 


Lemma 6.7. 


The map flTCA') 




Xi) has a left homotopy inverse. 


□ 


To compress notation, let X be an index set running over all sequences {ii,... ,ik) where 2 < k < m 
and 1 < ii < ■ ■ ■ < ik < m. Then 


m ( 

V V (k — l)(Sf2A' il A ■••A flX ik ) 

k =2 \ l< 2 i 


= \f (k - 1) (ZSIXi lA-AfiXJ. 

oE I 


For 1 < i < to, let 


evi: 


e nXi 


Xi 


be the evaluation map and let 


Ei : SIXi 


siEnXi 
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be the suspension map.. Note that ev.i the left adjoint of the identity map on f2X,; and Ei is the 
right adjoint of the identity map on Ef2X.;. So flevi o Ei is homotopic to the identity map on fiX^. 
Let 


£: \/ (k - 1) (EfiX*, A • • • A QX ik ) —> \f (k - 1) (EfiEfiX*, A • • • A fiEf \X ik ) 

a £I agl 

be the wedge sum of the maps E E^ A • • • A Ei k and let 

C: \/(k- l)(SfiEfiX il A • • • A fiEftX ifc ) —\/ (fc - 1) (EfiXj, A • • • A fiX.J 

agl agl 

be the wedge sum of the maps E Qev^ A • • • A Tlevi k . The fact that klevi o Ei is homotopic to the 
identity map on f2Xj immediately implies the following. 

Lemma 6.8. The map £ o £ is homotopic to the identity map on \J x (k — 1) (EflX.^ A • • • A f2X,; fc ). □ 

Proposition 6.9. For any simply-connected spaces Xi,..., X m , the map 6 in w is a homotopy 
equivalence. 

Proof. The naturality of the homotopy equivalence for T(X) in Theorem 16.11 implies that there is a 
homotopy commutative diagram 


-yfEQXl 

\J x {k - l)(EfiEfiX il A • • • A fiEfiXjJ -——- V^i SnXi 


C 

V x (fc - l)(EfiX il A • • • A nx lk ) 


7(20 



V”Li evi 
Xi. 


By the naturality of the Whitehead product there is also a homotopy commutative diagram 


0 (20X1 

V x (fc - ljEfiEnXi, A • • • A f2Ef2Xj fe - VUi ^ x i 


€ 

V x (fc - ljEfiXj, a • • • a nx ik 


e(X) 



evi 


MZ i*i- 


To further compress the notation, let 


W(X) = - i)(snx il a • • • a nXij. 

X 
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Consider the diagram 


nw(x) 


ow(mA)---- nw( znx ) 



*i) 


QUO 

OW(X). 


Here, Q(X) is a left homotopy inverse of Oj(X) that exists by Lemma 16.71 The left and right 
quadrilaterals homotopy commute by the naturality of the Whitehead product and Theroem l6.ll as 
mentioned above. The upper triangle homotopy commutes by Proposition 16.61 Therefore the entire 
diagram homotopy commutes. 

Since 6 is a homotopy equivalence it has an inverse 0 _1 which, by the homotopy commutativity 
of (|6|), satisfies 0QALX) o d -1 ~ yI ESIA' I . Define re by the composite 

k: nw(x) nw CEfix) ^ nw csux) -%■ nw(x). 


As (IS]) homotopy commutes, we have 0,Q(X)on ~ 0"/(X)o0CoU£. By Lemma fBTSl £o£ is homotopic 
to the identity map on W. Therefore, fl0(X) o re ~ Q'y(X). That is, re is a lift of Q"/(X) through 
QO(X). 

Further, composing with Q(X) we obtain Q(X _) o Q0(X) o re ~ Q(X) o Hy(A'). By definition, 
Q(X) is a left homotopy inverse of Therefore Q(X) oflQ(X) o n is homotopic to the identity 

map on flVF(A). That is, re has a left homotopy inverse. We claim that this implies that re is a 
homotopy equivalence. For, in homology, re* is a self-map of H„(OW(Xy) which has a left inverse. 
Since H*(QW(X)) is a finite type module, this can occur only if re* is an isomorphism, and hence re 
is a homotopy equivalence. 
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At this point, from flQ(X) o n ~ fly (20 we obtain flQ(X) ~ fly QQ on 1 - That is, there is a 
homotopy commutative diagram 

ttW(X) 

ne(A') 

n 7 (x) 

nw(x) -—*■ i*0- 

It only remains to deloop this diagram. Since W(X) is a suspension, write W(X) = XW'(X). 
Consider the diagram 

YW'{X) YQYWfX) - YQYW'(X) YW'(X) 


J 2 k 


Eft0(X) 


©(A) 


ED 7 (A) 

EflEW'QQ —^ EnfV^Xi) —- MT=i x i- 


7(A) 


EW'QQ 


The left upper square homotopy commutes by the previous diagram and the upper right square and 
lower triangle homotopy commute by the naturality of the evaluation map. The top row is homotopic 
to the identity map. So - going along the lower direction of the diagram - if 6 = ev o EkA 1 o YiE 
then 0 (A) ~ 7 (A) o 6, as required. □ 


Lemma 6.10. The lift 0 in Provosition \6. 91 is natural, in the sense that if there are maps fi: A'j 
Yi for 1 < i < m, then there is a homotopy commutative diagram 


\f T {k - i)(sx il a • • • a nx lk ) 


e(A) 


V x (fc-1)(EX* A • • • A fiX* J 


Vz(£ - iXEATq 


0QO 


Vz(*-1)( EX 4l A • • • A 


where if is the wedge sum of the maps E/^ A ■ ■ • A fi k . 


Proof. To compress notation, as in Proposition 16.91 let W{X) = V x (k — l)(EAi 1 A • ■ • A QXi k ). 
Since WQQ is a suspension there is a group structure on \W(Xf),W(X)\ so we may take the 
difference D = if\(2Q — A (Y_) o if. To analyze the difference, consider the diagram 


W(X) 


W{Y) 



8(Y) 


W{X) 


W(Y). 
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The upper quadrilateral homotopy commutes by the naturality of the Whitehead product and the 
lower quadrilateral homotopy commutes by the naturality of Theorem 16. II The two triangles homo¬ 
topy commute by Proposition [679] The homotopy commutativity of the diagram as a whole implies 
that 7 (H) 0^0 0(20 — 7 (Y) 0 0(Y) 0 ip- Thus 7 (H) o D is null homotopic. Therefore D lifts to 
the homotopy fibre of y(X ). But Lemma 16.71 implies that there is a homotopy fibration sequence 
n“i QYi —> W(Y) "^=5 ViLi Y —> n™i Y- Thus D lifts through the trivial map and so is null 
homotopic. Hence ip o 9(20 — ®0Q 0 Vb as asserted. □ 

Finally, the proof of Theorem 16.21 can be completed. 

Proof of Theorem, 1 6. 2[ The homotopy equivalence for r(X) and the description of 7 (A) in terms of 
Whitehead products follows immediately from the definition of 0(A), the lift in © and Proposi¬ 
tion 16.91 The naturality statement holds by Lemma 16.101 □ 

7. Whitehead products and Ganea’s Theorem 

Consider the following two maps: the inclusion i: XVY — > X x Y of the wedge into the product 
and the pinch map q: X V Y —> Y onto the right wedge summand. Observe that q is also the 
composite X V Y —O X x Y Y, where 112 is the projection onto the second factor. Define 
spaces F and G, and maps / and g , by the homotopy pullback diagram 

F ->■ G ->■ X 

9 ii 

F —XVY —U- X xY 
q K2 

Y Y 

where is the inclusion of the first factor. As mentioned in Section EE Ganea [G~2] identified the 
homotopy type of F as YYIX A YIY and the homotopy classes of / as a Whitehead product. The 
homotopy type of G is well known to be A' x f W but the homotopy class of g is not readily identifiable 
in terms of otherwise known maps. When A is a suspension then A x f W ~ A' V (A A YlY), in 
which case the homotopy class of g should be identifiable. As the author can find no reference for 
this, we give a proof. There is no claim of anything new here, as the methods and results go back 
to Ganea [G2j and he surely knew everything stated in this section. 

Let ix ■ X — > XVY and iy : Y — > X V Y be the inclusions of the respective wedge summands. 
Define evx and evy by the composites evx '■ EDA' -^0 X -^4 XVY and evy : EDA -E-> Y XVY. 

Theorem 7.1. The following hold: 

(a) There is a homotopy fibration 

EDA A D Y XVY 


* A x Y; 
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(b) there is a homotopy fibration 


X x QY 


XvY 


Y 


where the restriction of g to X is ix; 

(c) if X = EX' , then there is a choice of a homotopy equivalence EX' x QY ~ 

EX' V (EX' A QY) such that the restriction of g to EX' A QY is \ix > evy]. 

Proof. Ganea [G2l 5.1] proved part (a). A proof of part (b) can be found in [Se] 7.7.7]. The ideas 
behind both which lead to part (c) are as follows. In general, for a space Z, let PZ be the path space 
of Z, where paths start at the basepoint of Z at time t = 0. Let ev\ : PZ — > Z be the map which 
evaluates a path at time t = 1. The homotopy fibre of a map h: A —> Z is homotopy equivalent to 
the topological pullback of h and ev\. 

In our case, let Q be the topological pullback of the maps XVF —A XxY and PX x PY el ' lXevl > 
X x Y. Notice that the part of Q sitting over * V Y is QX x PY, the part sitting over X V * is 
PX x QY, and the part sitting over * V * is flX x QY. Thus Q = QX x PY UQjYxfiv PX x QY. 
Let CQX be the reduced cone on QX, where the cone point is at t = 1. It is well known that there 
is a homotopy equivalence ifx '■ CQX —> PX given by ipx(t, w) = ui t , where ui t is the path defined 
by uj t (s) = w((l — t)s). Note that w 0 = w and uq is the constant path to the basepoint of X. Thus 
Q ~ QX x CQY Ufi.Yxfiv CQX x QY, and the right side is the definition of the join QX * QY. 
Ganea shows that the composite EflX A QY ~ QX * QY Q —> X V Y is the Whitehead product 
[evx, cvy], proving part (a). 

Next, let P be the topological pullback of the maps X V Y —4- y anc [ py Cf. y Notice that 
the part of P sitting over * V Y is * x PY, the part sitting over X V * is X x QY, and the part 
sitting over * V * is * x QY. Thus P = * x PY U* x nv X x QY. The composite X —> P —> XVF 
is exactly ix and contracting PY we obtain P ~ X x QY. This proves part (b). 

For part (c), observe that the projection XxY Y induces a projection PX x PY -^4- PY, 
so there is an induced map of topological pullbacks Q —> P. In terms of the identifications for Q 
and P above, this map of pullbacks is 


QX x PY Unxxfiy PX xQY —> * x PY U* x nr X x QY 


where PX x PY 


ev\ x 1 


flX x QY. Notice that the composite CQX -^4- PX —j 


> X x PY has been restricted to the subspaces QX x PY, PX x QY and 

X sends (f,w) to uq(l) = w(l — t). 
That is, ev\ o if x = — ev, where EflX X is the canonical evaluation map. Thus the composite 

EflX A QY ~ flX * QY -=a Q —» P ~ X xi QY —» X A QY is -ev A 1. Consequently, if 
X = EX' and s is the composite s: EX' A QY yfiyx' A QY ~ > Q - > P ~ X x QY, then 


EX' A QY 


EX' A QY is homotopic to —id, where id is the identity map. Thus s 


EX' x QY 
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is a section for the right map in the cofibration EX' EX'' x fIX —> EX' A flX, where j is the 
inclusion. Therefore EX' V (EX' A f2X) > X x fIX is a homotopy equivalence. 

Finally, from the pullback map Q —> P and the definition of s there is a homotopy commutative 
diagram 

EX' A flX EflEX' A flX —^ Q -X V Y 

P -^ X V Y. 

By part (a) the map EflEX' AflX ~ Q —> X VX is homotopic to [evx, evy}- Therefore the top row 
is homotopic to [ix , ei>y]. Hence, choosing the homotopy equivalence for P ~ EX' x f TY determined 
by j + s, the restriction of EX. x fIX —> X V Y to EX'' A fIX is homotopic to [ix, evy\- □ 

8. A REFINEMENT OF THEOREM 16.21 IN THE CASE OF SUSPENSIONS 

Return to the homotopy fibration T(X) V^Li X, —-> Y\T= l -V- I n Theorem 16.21 a homotopy 
equivalence was given for T(X) in terms of a wedge sum of spaces EflX^ A • ■ ■ f!X ifc that let one 
identify the homotopy class of y(X) as a wedge sum of iterated Whitehead products formed from the 
maps tj. When each Xi = E Yi then the James decomposition of EflEX may be iteratively applied 
to the wedge summands of T(EX). It will be useful later to show that in this case the map 7(EX) 
can be described in terms of iterated Whitehead products formed from the maps Sj that include 
wedge summands into VlLi SXj. 

Let L be the free Lie algebra L = L(v \,..., v m )■ Recall the construction in Section[6]of a sequence 
of free Lie algebras L m C L m _i C • • • C L\ C L with L m = [L, L\ and a Lie basis W m of L m was 
identified recursively in terms of the Lie bases Wi of Li. There is a way of topologically enumerating 
the Lie basis W m . 

Pinching V”=i SY) to EXi, we obtain a homotopy fibration 

m 

D 1 ^\J EXi —A EX!. 

2=1 

By Theorem 14. 1[ there are homotopy equivalences 

m mm 

D x ~ (\j EXi) x VXYi - (\/ v (V A ^ E U))- 

2=2 2=2 2=2 

Applying Lemma 14.21 to each EXi A flEXi, we obtain a homotopy equivalence 

m m oo 

D 1 ~(\/Ey i )V(V V EXi A (X!) (fcl) ). 

2=2 2=2 k\=l 

Observe that there is a one-to-one correspondence between the wedge summands of D\ and the 
elements in the Lie basis Wi = {ad kl (x)(vi) | x G {v 2 , ■ ■ ki > 0} for Li. Regarding Xi A (Xi) (0) 
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as Yi, the wedge decomposition for Di can be reorganized as 

m oo 

(9) Di-y V SFi A (Fi) (fel) . 

i=2 ki=0 

Iterating, assume that Dt has been defined, there is a homotopy equivalence 

m oo 

(10) A-1^V V sy i A (Fi)( fcl ) A • • • A (F t ) (fct-l) 

'i'—t —i —-0 

and the wedge summands of Dt- i are in one-to-one correspondence with the Lie basis Wt-i of Lt—\. 
Note that EY) is a wedge summand for Dt- 1 for all i > t - in m they are the wedge summands 
indexed by taking k\ = ... = k t - 1 = 0. Write D t -\ as EY) V D t -\ and define D t by the homotopy 
fibration 

Dt —► Dt- 1 EY t 

where q t is the pinch map. Note that this corresponds to writing W t ~ i as {u t }UfU t _i, and defining L t 
as the kernel of the Lie algebra map L t - 1 —> L a b(vt). Since D t ~ i is a suspension the same is true 
for Dt- 1, so by Theorem 14.II there are homotopy equivalences 

D t — Dt- 1 xi flT,Yt — Dt- 1 V (Dt- 1 A flELt). 

Since each wedge summand of -Dt_i is a suspension Lemma 14.21 may be applied to D t - 1 A flEL) in 
order to obtain a homotopy equivalence 

OO 

D t ~D t - 1 V(\/ A_i A (F t ) (fet) )- 

fc t =i 

Observe that the wedge summands of Dt are in one-to-one correspondence with the elements of the 
Lie basis W t of L t . Using k t = 0 to denote D t ~ i and substituting in the decomposition for D t _i, 
we obtain 

oo m oo 

D t ~ \/ D t _i A (Y t ) {k,) ~ \/ V ST, A(Fi) (fcl) A---A(F t ) (fet) . 

/ct —0 ki,...,kt=0 

At the end of the iteration we obtain a space D m and a homotopy equivalence 

OO 

D m — V (U) (fel) A • • • A (Ft) (fcm) 

where the index set is in one-to-one correspondence with the Lie basis W rn of L m . The topological 
analogue of the identification of L m with [L,L\ in Lemma |6.31 is the following. 

Lemma 8.1. There is a homotopy equivalence D m = r(EU). 

Proof. Observe that there is a homotopy fibration diagram 

d 1 -*- V,-=1 ZY SW 

Q2 

ny 2 -^ X EF 2 -► Eli. 










THE DUAL POLYHEDRAL PRODUCT, COCATEGORY AND NILPOTENCE 


35 


The left square is therefore a homotopy pullback, so the homotopy fibre of V!” , SI \ —> E Yi x EY 2 
is the same as that of q 2 , which is D 2 . We now argue by induction. Assume that D t is the homotopy 
fibre of the map V™ i EY; —^ JlL .j YiYi. Then there is a homotopy fibration diagram 

A -- MZ l ^ -- nU ^ 

Qt +1 

—- yiZI^y —- n Uw. 

Therefore the homotopy fibre of \JZi t IIi=i SYj is the same as that of qt+i, which is D t +\. 

Hence, by induction, there is a homotopy fibration 

m m 

D m —► \/ E^ ; —> l[ EY*. 

i=l i=1 

Observe that the map on the left is the inclusion of the wedge into the product, and by definition 
the homotopy fibre of this inclusion is T(EY). Therefore D m ~ T( £Y ). □ 

The correspondence between the wedge summands of D m and the Lie basis elements of W m has a 
geometric interpretation. Recall that for 1 < j < m the map Sj: £Yj —> VlLi SYj is the inclusion 
of the j th -wedge summand. Suppose that the Lie basis element w G W rn corresponds to the wedge 
summand £y.AO /\ ... /\ y/A) 0 f D Define 

in 

m 

A • • • A Y^‘ ] — ► \J £ Y t 

i=1 

as the iterated Whitehead product in the maps Sj corresponding to w. Note here that the total 
bracket length is k tl + ■ • ■ + ki e and the entries Sj t in the Samelson products may be repeated. Let 

m 

$(SY): D m —> \J £ Yi 

i=1 

be the wedge sum of the maps <f> TO for all w G W m . 

Proposition 8.2. There is a homotopy commutative diagram 



T (EY) —^ \/Z i ZY 

where <j> is a homotopy equivalence. Further, <f> is natural for maps Y.] —► . 

Proof. Consider the homotopy fibration T(£Y) 7 -^=? \/Zi -* 11”= i EY;. Every Whitehead 

product in the wedge sum defining ■Lf SY l involves at least two distinct Sj’s since the corresponding 
Lie basis element of W m involves two distinct Vj’s. Any such Whitehead product vanishes when 
composed into UZi £Yj. Therefore the map $(EY) lifts through 'y(X) to a map D m —T(A) 
which makes the diagram in the statement of the theorem homotopy commute. 
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Let 

m 

s w (m : Y^ ] A • • • A Y^ ] —► Ll{\J YY Z ) 

2=1 

be the adjoint of Noting that D m is a suspension, write Dm = and let 

m 

>n(Vsy 4 ) 

t=i 

be the adjoint of ( E>(EF). The argument from here on is similar to that in the proof for Proposi¬ 
tion 16.61 Take homology with field coefficients. Let Xi t € H. M (Y lt ) and write w(xi 1 , ...,Xi e ) for the 
bracket in L(V\ x ) II ■ ■ • II L(vi t ) in which each V{ t is replaced by Xi t . Note that the X { t ’s may be 
repeated. Observe that 

ImMEF))* = ■ • • ,x u ) | x it € H*(Y it )} c L(V tl ) II • • • II L(V it ) 

and that (s,„( Y>Y )) ± is an injection. Next, if W\,W 2 G W m are distinct Lie basis elements then 
the images of (s wl (Sy))* and (s„, 2 (EF))* are linearly independent because they correspond to 
distinct bracketings, and therefore the map [L{V),L(V)\ UL(V) is an injection. Applying the 

James construction to multiplicatively extend s(EY_) to 0$(SF) therefore implies that (f2$(EY_))* 
is an injection. The homotopy commutativity of the diagram in the statement of the theorem 
therefore implies that ($7<^)* is an injection. Now deduce as in Proposition l6.6l that Llcf is a homotopy 
equivalence, and therefore that <f> is a homotopy equivalence. The naturality of (j> follows as for the 
proof of Proposition 16.101 □ 

Proposition 18.21 immediately implies the following. 

Theorem 8.3. Let Yi,... ,Y m be pointed, path-connected CW-complexes. There is a homotopy 
fibration 

m m 

D m ^ \JYY X -> fj EYj 

i=1 i=l 

which is natural for maps Yi —> Zi. □ 

There is an analogous refinement of Theorem l7.ll It was shown that there is a homotopy fibration 
EA xi LIZ — X V Z Z where EA xi LIZ ~ EA V (EA A LIZ), the restriction of g to EA is the 
inclusion isx, and the restriction of g to EA' A LIZ is the Whitehead product [«ea', evz\- If Z = EF 
then by Lemma [4.21 there is a homotopy equivalence EA A LlYY ~ V^Li YX A Y^ n \ Using the 
Lie algebra L\ and its topological enumeration D\ instead of L m and D m , and then arguing as for 
Proposition [872] and Theorem 18.31 we obtain the following. 

Theorem 8.4. Let X and Y be pointed, path-connected CW-complexes. There is a homotopy 
fibration 

( oo \ 

EA V \/ EA A F (n) AeAvEYA E Y 
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where the restriction of to EX is %y,x an< i the restriction of T to EX A Y^ is the iterated 
Whitehead product ad n (isx)(ijyY)- All of this is natural for maps X —> X' and Y —> Y'. □ 

9. Thin products and Whitehead products 


Recall from the Introduction that if Xi ,, X m are pointed spaces then the thin product is 
defined by P m (X) = (X, *)|j where K is the simplicial complex consisting of m disjoint points. 
Noting that (X, *) K ~ V^Li Xj, from the map (X, *) K —(X, *)^ we obtain a homotopy fibration 

m 

F m {X) \J Xi —-—> P m (X). 

2 = 1 

For 1 < j < m, recall again that 

m 

Sj-Xj - -» V -V; 

2=1 

is the inclusion of the j th -wedge summand. Suppose that for 1 < k < t there are maps a k : ETj. —> 
Xj k where 1 < jk < m. Let b k be the composite 

m 

bk ■ E Y k ^X Jk ^4 \J Xi. 

2=1 

Let 

m 

w: EYi A - ■ ■ AY t —\J X, 

i=l 

be an iterated Whitehead product formed from the maps a k - We say that w has length t and involves 
the maps {sjj,..., Sj t }. 

Theorem 9.1. Let w be a Whitehead product on Vt=i Xj formed from the maps b k - Suppose 
that w has length t > m and involves all the maps Sj for 1 < j < m. Then w lifts through 

P m (x) vUi Xi. 


Proof. Recall that K is m disjoint points. For any proper subset I C [m], by Lemma 12.31 the 
projection X m —> X 1 induces a map of polyhedral products {2L,*) K —> ( 2L,*) Kl which, in this 
case, is the equivalent to the pinch map pi: V"ii X t — > \/ ieI Xi. Observe that if j I then the 
composite E Xj ^4 Vili x i Viei Xi is trivial, since Sj is the inclusion of Xj into the wedge. 
Since / is a proper subset of [m], we can always find a j such that pi o Sj is null homotopic. As w 
is a Whitehead product involving all the maps Sj for 1 < j < to, the naturality of the Whitehead 
product implies that pi o w is null homotopic. This holds for any proper subset / of [to], so pi o w 
is null homotopic for all I C [to]. 

Let w : Y\ A • • • A Y t —> ^(VlLi x i) the adjoint of w and consider the composite 

m 

Ti A ■ • • A Y m A fi(\/ Xi) ^ QP m (X). 

2=1 

By Theorem 15.31 every factor in the homotopy decomposition of LlP m (X) = 12(X, is also a 
factor of 12(X ,±) Kl for some I C [to], and the decomposition is compatible with the maps 12 pi. 
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Therefore as pj o w is null homotopic for all I C [m], so is Qpi o w. Thus f lip o w is null homotopic, 
implying that its adjoint <p o w is null homotopic. Hence w lifts through f m (X). □ 

A special case is when each of the spaces A, equals a common space X. Then we write P m (X) 

for the thin product, and have a homotopy fibration F m (X) — —-—i \J" Z =1 X - > P m (X). In this 

case Theorem 19. II refines. Consider the composite F m (X ) ———i V"=i X ———> X which is used to 
define the weak cocategory of X. 


Lemma 9.2. Let w be a Whitehead product on X of length t > m. Then w lifts through V to a 
Whitehead product on V"=i X of length t involving all the inclusions Sj for 1 < j < m. 


Proof. Suppose that w is a Whitehead product on X of length t > to, where w is formed from maps 
ak' T,Yk —> X for 1 < k < t. For 1 < k < m, let bj be the composite TYj —A X —VuLi^- 
If t > m, then for m < k < t, let bk be the composite EYfe X VuLi X. Let Tu be the 
Whitehead product of the maps bk for 1 < k < t , where the bracketing order is the same as for w. 
Then the naturality of the Whitehead product implies that w ~ V o w. Thus W lifts w through V, 
it has the same length as w, and involves all m inclusions Sj. □ 


Combining the lifts in Lemma 19.21 and Theorem 19. II we immediately obtain the following. 


Theorem 9.3. Any Whitehead product on X of length t > m lifts through the composite F m (X) 

VZiX^x. 


f m (x) 


□ 


Next, we aim towards Theorem [975] which is a sort of converse to Theorem l9.ll While Theorem l9.ll 
says that any Whitehead product of length t > m involving all m maps Sj lifts through f m (X). 
Theorem m says that the homotopy class of / m (A) is completely determined by length t > m 
Whitehead products involving all m maps Sj. To see this we modify the proof of Proposition 14.101 
that identified the homotopy type of F m {Xf) in order to take into account the Whitehead product 
information in Theorems 16.21 and 17.11 
First, we require a general lemma. 


Lemma 9.4. Suppose that there are maps 

S S t t 

f=\/fi■ V —► Z 5 = V 9j ■ V 

2=1 2 — 1 j =1 j= 1 

Then the Whitehead product [/, g] is homotopic to the wedge sum of Whitehead products Vi=i Vj=i [/») 9j] ■ 

Proof. Denoting the adjoint of a map u by u , it is equivalent to show that the Samelson product 
of (f,g) is homotopy equivalent to the wedge of Samelson products Vi=i Vj=i(/*>5j)- i s 

clear from the pointwise definition of the Samelson product of two maps u and v as (u,v)(x,y) = 
u(x)v(y)u(x)~ 1 v(y)~ 1 . □ 
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Theorem 9.5. Let X±,... ,X m be a simply-connected, pointed CW-complexes. Then the homotopy 
fibration 

m 

F m (X) \J Xi -> P m {X) 

2=1 

satisfies the following: 

(a) F m (X) ~ Vqgi £(f£Yi)( ai ) A • • • A where on > 1 for each 1 < * < m; 

(b) the restriction of f m (X) to £(f2Xi)( ai )A- • - A is an iterated Whitehead 
product of length t > m formed from the maps tj : ULlXj Xj —V Vi™ i Xi, where 
each tj for 1 < j < m appears at least once; 

(c) parts (a) and (b) are natural for maps of spaces Xi —> \\. 

Proof. The construction in Section [4] worked for any polyhedral product ( CX . X ) K where K is a 
totally homology tillable simplicial complex. Specialize to the case of ( CQ.X , LIX ) K when K is m 
disjoint points. Then the homotopy fibration ( CLlX , f IX ) K — > (X_,*) K —► ]~[ " _-j Xi is a model 
for the homotopy fibration r(X) 2=9 V;=i X t —> 112=1 Xi- Therefore, by Theorem 16.21 there is 
a homotopy decomposition of ( CfhY . flX ) K as a wedge sum of spaces £f IX^ A • • • A LlXi k which 
can be chosen so that the restriction of the map ( CflX . QX ) K 2=9 (2L,±) K — V™ i Xi to a wedge 
summand 'EClXi 1 A • • • A flXi t is an iterated Whitehead product of the maps tj. 

With ( CnX , QJQ k —> V2i Xi as the starting point in this case, the first step in the construction 
in Section|4]was to divide the wedge summands of ( CflX . QX ) K so that ( CClX . QX ) K ~ T,B\ V£Ci, 
where ££?i consists of those wedge summands having LIX\ as a smash factor and £Ci consists of 
those wedge summands not having flX i as a smash factor. Pinching to £Ci, we obtain a homotopy 
fibration £Bi x fl£Ci YjBi V £Ci —> £Ci. By Theorem 18.41 there is a homotopy equivalence 

OO 

£Bi x ft£Ci ~ \J (£#! V (Ci) (n) ) 

n=1 

which may be chosen so that the restriction of g\ to £Z?i is and the restriction to T,B i A (Ci)( n ) 
is an iterated Whitehead product of the maps and in where appears once and appears n 
times. Regarding YiB\ and £Ci as a wedge of spaces of the form £f tX^ A • • • A tlX ik , by Lemma l9.4l 
each iterated Whitehead product of the maps II and in is homotopic to a wedge sum of iterated 
Whitehead products of the inclusion maps of the summands YiLlX^ A • ■ • A tlX ik into ( CfLY . f IX ) K . 
Therefore, as ( CflX , f IX ) K 2=9 VI=i X, is a wedge sum of iterated Whitehead products of the 
maps tj, the naturality of the Whitehead product implies that the composite £Bi x fl£Ci 
T,Bi V TiC\ ~ ( CflX . HX ) K 2=9 V2i Xi is homotopic to a wedge sum of iterated Whitehead 
products (of iterated Whitehead products) of the maps tj. Further, as each wedge summand of 
YiBi x has fLYi as a smash factor, each of the Whitehead products has t\ appearing at least 


once. 
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The next step in the construction identifying the homotopy type of F m {Xf) was to divide G\ ~ 
YiB\ x SlECi into a wedge £i?2 V Y 1 C 2 where each wedge summand of ££?2 has both ffXi and VLX 2 as 
smash factors while the wedge summands of £("2 have fiXi as a smash factor but not flC2. Then one 
pinches G\ to £62 and calls the homotopy fibre G 2 ■ This process is iterated until G m is identified as 
being homotopy equivalent to F m (X_). At each step in the iteration we may argue as in the previous 
paragraph to identify the composite G, —Gj_ 1 —>■ • • • —> G 1 —> ( CLIX , Q.X ) k —> VuLi A* as 
homotopic to a wedge sum of iterated Whitehead products of the maps tj. As each of flXi,..., flX m 
appears as a smash factor in each wedge summand of G m , each of the corresponding Whitehead 
products has t±,.. ., t m appearing at least once. This proves parts (a) and (b). 

The naturality statement in part (c) follows from the naturality of Theorems 16.21 and 17.11 □ 

When each X, equals a common space X Theorem 19.51 implies the following. 

Corollary 9.6. Let X be a simply-connected, pointed CW-complex. Then the homotopy fibration 

m 

F m {X) \J X - > P m {X) 

i= 1 

satisfies the following: 

(a) F™(X)~\J ae x £(QX)(«; 

(b) the restriction of f m (X) to £(f2X)^“^ is an iterated Whitehead product of length 
t > m formed from the maps tj : £flX X — 3 -+ V)=i A" where each tj for 1 < j < m 
appears at least once; 

(c) parts (a) and (b) are natural for a map of spaces X — > Y. 

□ 


We also need a refined version of Theorem 19.51 in the case when each X,j is a suspension. 

Theorem 9.7. Let Y \,..., Y m be a simply-connected, pointed CW-complexes. Then the homotopy 
fibration 

m 

F m (YY) \J YLYi -> P m (YY_) 

2=1 

satisfies the following: 

(a) F m ( Y,Y ) ~ V/3 ej A • • • A (Y m )^ m ^ where /3j > 1 for each 1 < i < m; 

(b) the restriction of f m ( HY ) to £(Fi)( /?1 ) A • • • A {Y m )^ m ^ is an iterated Whitehead 
product of length t>m formed from the maps ££} V”ii STj, where each Sj for 
1 < j < m appears at least once; 

(c) parts (a) and (b) are natural for maps of spaces Yj —> Z j. 

Proof. Argue exactly as for Theorem 19.51 using Theorem 18.31 as the starting point rather than The¬ 
orem 16.21 and organizing the Bi, Cj wedge summands so that Bi contains all the smash products 
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having Yj,... ,Y t as factors (rather than f2EYi,..., flEYj) and C,; contains all the smash products 
having Yj,..., Y,;_i as factors but not Yj. □ 

Part 3. Cocategory and Nilpotence. 

10. Cocategory and Nilpotence I 

In this section the main result of the paper, Theorem 11.61 is proved: if X is simply-connected 
then wcocat(X) = m if and only if nil(flX) = to. Before starting we record a simple lemma. 

Lemma 10.1. Suppose that a and b are positive integers satisfying: (i) a = m implies b < to, and 
(ii) b = to implies a < to. Then a = m if and only if b = to. 

Proof. If a = m then by (i), b < to. So either b = to or b < m. But if b < to then by (ii), a < m, a 
contradiction. Therefore b = to. Similarly, if 6 = to then a = m. □ 

Proof of Theorem 1 1. 61 We will use the homotopy fibration 

, , ra +1 

/•m+1 / 

(11) F m+1 (X) --Y-i \/ X-s-P m+1 (X) 

i=l 

from Corollary 19.61 

Suppose that wcocat(X) = to. By the definition of weak cocategory, this implies that the com¬ 
position F m+1 (X) — -l V^i 1 X - “—t X is null homotopic. Consider the Samelson product 

(f2X)( m+1 ) QX, where c m is the (to + l)-fold Samelson product of the identity map on f2X 
with itself. Let w m : E(f2X)( m+1 ) —> X be the adjoint of c m . Then w m is the (to + l)-fold White- 
head product of the evaluation map YQX X with itself. By Theorem 19.31 w m factors through 
V o f m+1 (X). But by hypothesis, V o f m+1 (X) is null homotopic. Therefore w m is null homotopic 
and hence its adjoint c m is null homotopic. This implies that nil(G) < to. 

Conversely, suppose that nil(G) = to. By Corollary 19.61 P m+1 (X) ~ anc ^ the 

restriction of y m + 1 (X) to each wedge summand is an iterated Whitehead product of length > m+ 1. 
Therefore V o / m+1 (X) maps each wedge summand E(f2X)( ta ) to X by an iterated Whitehead 
product of length > to + 1. The adjoint (fIX)—>• f IX is a Samelson product of length > m+ 1, 
and so factors through c m . By hypothesis, c m is null homotopic. Therefore, so is (f2X)^“) —> ClX 
and its adjoint E(f2X)( ta ^ —> f IX. This is true for every a £ I, so V o / m+1 (X) is null homotopic, 
implying that wcocat(X) < to. 

Finally, by Lemma riO.il we obtain wcocat(PG) = to if and only if nil(G) = to. □ 

11. Retractile FZ-spaces 

We now aim towards explicit calculations of the homotopy nilpotency class of quasi-p-regular 
exceptional Lie groups and nonmodular p-compact groups in Section [13] This requires introducing 
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a special family of finite ff-spaces. Throughout this section we will assume that all spaces and maps 
have been localized (or completed) at a prime p, and homology is taken with mod-p coefficients. 


Definition 11.1. Let B be an .ff-space. Suppose that there is a space A and a map i: A —> B 
satisfying the following: 

(i) H.(B) “ A(.ff*(A)); 

(ii) f* induces the inclusion of the generating set; 

(iii) Hi has a left homotopy inverse. 

Then the triple (A,i,B) is a retractile H- space. 


If ( A,i,B ) is a retractile H- space then many properties of B are determined by the restriction 
to A |GT11 IThl) ITh2j . We will show this is also the case for nil(G) when G is a finite loop space 
and (A,i,G) is retractile. A large family of retractile .ff-spaces was constructed in different ways 
bv Cooke. Harper and Zabrodskv |CHZj and Cohen and Neisendorfer m ■ They show that if p is 
a prime and A is a finite CW-complex consisting of i odd dimensional cells, where l < p — 1, then 
there exists a p-local ff-space B and a map i : A — > B which makes (A, i, B) retractile. Further, 
in the boundary case when i = p — 1, they show that if there happens to be a finite H- space B and 
a map A — A B inducing an isomorphism ff*(B) = A (If* (A)), then Si has a left homotopy inverse 
so (A,i,ff) is retractile. Notice that products of retractile ff-spaces are retractile. For if each of 
is retractile then so is (V™=i ^,V”i 0- 11,-1 B J )• 

Specific examples of retractile .ff-spaces are given by certain simply-connected simple compact 
Lie groups and p-compact groups. Fix a prime p. By jMNTj . when localized at p every simply- 
connected, simple compact Lie group G decomposes as a product of p — 1 spaces. If the rank is 
low with respect to p then by |Th2j the factors are all retractile, and so their product - the original 
group G - is also retractile. The precise ranks involved are as follows: 


( 12 ) 


SU(n) if n < (p — l) 2 + 1 

Sp{n) if 2 n < (p — l) 2 

Spin{2n + 1) if 2 n < {p — l) 2 
Spin{2n) if 2 (n — 1) < (p — l) 2 
G 2 ,F 4 ,E 6 if p > 5 

E 7 , E$ if p > 7. 

Recall that X is a p-compact group if X ~ flBX where BX is a p-complete space and the rnod-p 
homology of X is finite. There is a classification of irreducible p-compact groups (AGMVj when p 
is odd, which in conjunction with work in |ILV11 [Cj . show that there are four familes: (i) simply- 
connected, simple compact Lie groups; (ii) an infinite family of spaces that decompose as a product 
of spheres, sphere bundles over spheres, and factors of SU{n)', (iii) 30 special nonmodular cases; 
and (iv) 4 exotic modular cases. The retractile cases in (i) are covered by m■ The retractile cases 
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in (ii) depend on SU(n) being retractile, and from m it follows that every case in (iii) and (iv) is 
retractile. So to (fl2l) we add a second list: 

an infinite family of p-compact groups that decompose as a product of spheres, 
sphere bundles over spheres, and factors of SU(n) for n < (p — l) 2 + 1; 
the 30 special nonmodular p-compact groups (see m Table 3.2]); 
the 4 exotic modular p-compact groups. 

Since G is a loop space, it has a classifying space BG and there is a homotopy equivalence 
e: G — > LlBG. Let ev be the composite 

ev: EG E LlBG BG 

where ev is the canonical evaluation map. Let j be the composite 

j: EA -^4 EG BG. 

A key property is the following. 

Lemma 11.2. Let G be a group from list m or m • Then there is a homotopy commutative 
diagram 

'ey 

EG -^ BG 

r 

EA —U- BG 

where r is a left homotopy inverse ofT,i. 

Si 

Proof. By hypothesis, the map E A —> EG has a right homotopy inverse, so EG ~ E A V G for 
some space G. In |TTtT 1 the retractile properties were used to precisely describe the complementary 
factor G in the case when G is from the list urn but the proof adapts immediately to list (fl3l) as 
well. It is well known that there is a homotopy fibration EG A G EG -^4- BG where p* is the 
canonical Hopf construction. In |GT1] it is shown there is a homotopy equivalence 

(14) EA V G -^±4 EG 

where G is a retract of EG A G and s factors through the Hopf construction p*. Consequently, s 
composes trivially with ev , so from the decomposition in (fT4l) we obtain a homotopy commutative 
diagram 

'ey 

EG -^ BG 

r 

EA -AU- BG 


(a) 

(b) 

(c) 


where r is a left homotopy inverse of EL 


□ 
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For a space Y, let E: Y —> flT,Y be the suspension map, which is defined as the (right) adjoint 
of the identity map on E Y. Notice that the evaluation map T,flY Y is the (left) adjoint of the 
identity map on f IY. So the composite flY —> ffEf IY —> flY is homotopic to the identity map. 
This leads to the following corollary of Lemma 111.21 

Corollary 11.3. The composite G — 12EG ffEAl —4 flBG is homotopic to the homotopy 
equivalence e. 

Proof. By Lemma 111.21 jor~ev = evo Ee. Thus flj o fir oli~ flev o 12Ee o E. The naturality 
of E implies that the latter composite is homotopic to flev o E o e. But flev o E is homotopic to the 
identity map on flBG , so we obtain fljoflroE~ e, as asserted. □ 

12. Cocategory and Nilpotence II 
In this section a restricted version of Theorem 11.61 is proved. 


Definition 12.1. Let G be an H- group. Suppose that Y is a pointed, path-connected space and 
there is a map /: Y —> G. We say that G has homotopy nilpotency class m with respect to f if the 

composite y( m +B - -» G ( - m+1 ) —> G is null homotopic but c m _i o /( m ) is nontrivial. In this 

case we write nil(Y, /, G) = m. 


Definition 12.2. Let X and Y be pointed, path-connected spaces, and suppose that there is 
a map g: Y —> X. We say that X has weak cocategory m with respect to g if the composite 

F m +i(Y) Vdt 1 ^~—> Y --- > X is null homotopic but go Vo/ m (I) is nontrivial. 

In this case we write wcocat(Y, /, X) = m. 


Theorem 12.3. Let G be a group from list \12\) or m- Then wcocat(EA,j, BG) = m if and only 
if nil(A, i, G) = m. 


Proof. The naturality of the thin product and the naturality of the decomposition of F m+1 (X) in 
Corollary 19.61 implies that there is a homotopy fibration diagram 

r+ 1' 


F m+1 (EA) 


(£A) ,, 

—- VEi SA 


l U) 


v; 


-»+i , 


f 171+1 (BG) 

F m+1 (BG ) -- MT^BG 


P m+1 (EA) 

P m+1 0') 
P m+1 (BG) 


where F m+1 {EA) ~ \/ aeX E(nEA)^\ F m+1 (BG) ~ \/ aeX Y(flBG)^\ and g m+1 (j) ~ Va€X E ( n J') (ta) - 
Suppose that wcocat(Eyl, j, BG) = m. Then the composite F m+1 (T,A) -——>■ VS) 1 —* 


E A 


(m + l) 


BG is null homotopic. Consider the Samelson product J 4( m + 1 ) 2-» Q( m + 1 ) —q 

Its adjoint is the composite Y,A^ m+1 ^ —-*• EG^ m+1 - ) w — > BG, where w m is the (m + l)-fold 


Whitehead product of ev with itself, which is adjoint to c m . 
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We claim that there is a lift 


(15) 





F m+1 (j:A) 
a 


X (SA) 


VlS^ 

joV 


BG. 


The lift is constructed in two stages. First, we give a specific lift of w m o E*( m+1 ) through j o V. Let 
s' : HA —> VS 1 an d Sj : BG —» VIS* i?G be the inclusions of the j'^-wedge summands, and 
let tj and tj be the composites f' : EIIEaI -^4 E A —V'S* £^4 and tj : EG -^4 BG —V VlS* -BG. 
Let uT m = [t' l5 [tj,..., [t' m ,t ' rn+1 \...] and w m = [ti, [ti, ■ ■ ■, [t m , t m +i] ■ ■ ■]• Since G ~ fLBG, for 
convenience we write flEkl —> flBG as SlEkl —>• G. Consider the diagram 


HA 

j 

BG. 

The left triangle homotopy commutes since i ~ joE. The middle square homotopy commutes by the 
naturality of the Whitehead product. The right square homotopy commutes by the naturality of the 
fold map. Thus the entire diagram homotopy commutes. Observe that since HA —> EflEA —> HA 
is homotopic to the identity map, we have f' o E ~ s'. Thus the composite w m o HE^ m+1 ' > along the 
top row in (flbl) homotopic to [s' 1; [s^,..., [s' m , s' m+l ] ...]. On the other hand, since w m — Vo w m , 
the bottom direction around (HU is homotopic to w m oE^ m+1 4 Thus the homotopy commutativity 
of (flGl) implies that [s' 1; [s^,..., [s' m: s^ +1 ]...] lifts w m o Ethrough j o V. Further, as W m is 
an (m + l)-fold Whitehead product involving all m + 1 spaces in the wedge VlS* Theorem 19. II 
implies that w m lifts through f m+ 1 (HA) to F m+1 (E^4). 

By hypothesis, wcocat(EA, j, BG) = m, so the composite F m+ 1 (HA) --—A VS 1 E A -S 

E A -4->- BG is null homotopic. Therefore the lift of w m o Ethrough Vojo f m+ 1 (HA ) in (fT51) 
implies that w m o Ei( m+1 ) is null homotopic. Taking adjoints, w m o i( m +A is null homotopic, and so 
nil(j4, i, G) < m. 

Conversely, suppose that nil(A, i,G) < m. Then the composite Al) m+1 ) ! -> Qi^ 1 ) q j s 

null homotopic. Taking adjoints, the composite E^4( m + 1 ) —- > EG^ m+1 ^ w > BG is null homo¬ 
topic. Consider the composite F m+ 1 (HA) ---y 1 V™^ 1 E A -S HA BG. By Corollary 19.61 

we have F m+1 (Ey4) ~ V 7 ey m+1 and f m+ 1 (HA ) restricted to EA<G) i s an iterated Whitehead 

product w* of length > m+1 formed from the inclusions E A °A VIS 1 L<4l of the wedge summands. 
Thus each Wt factors through w m o Hi^ m+l \ which by hypothesis is null homotopic. Therefore w* 


vrI-A) W m i 1 V7 

Ei( m+1 ) -^ EfiE^4 (m +i) -VIS 


(16) 


Ei (m+1) 




vr=t 


4 j 
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is null homotopic. As this is true for every wedge summand of F m+1 (Y,A), the map / m+1 (£A) is 
null homotopic. Thus j o V o f m+1 (Y,A) is null homotopic, implying that wcocat(£ A,j, BG ) < m. 
Hence, by Lemma H 0.1 1 we obtain wcocat(£A, j, BG) = m if and only if nil(A, i, G) = m. □ 

The next theorem links the equivalences in Theorems 11.61 and 112.31 


Theorem 12.4. Let G be a group from list U2\l or m- Then wcocat (BG) = m if and only if 
wcocat(EA, j, BG) = m. 


Proof. In general, by Corollary 19.61 for a space X there is a homotopy fibration 

m _j_i m+1 

(17) F m+1 (X) f - \/ X - y P m {X) 

1=1 

where the right map is the inclusion of the wedge into the thin product; F m+1 (X) ~ V ag:z; E(fLY++ 
and f m+1 (X) is a wedge sum of iterated Whitehead products of maps of the form Ef2X —y X —V 
A. Moreover, all of this is natural for maps of spaces X — y Y. Recall that (A,i,G) being 
retractile means that there is a map EG —y EA which is a left homotopy inverse of E i. Starting 
from the composite EG —+ EA -+ BG, consider the diagram 


(18) 


V q£ t £G(‘-> 


V aeX E (QBG)^ 




V aeI E(nr) ( '“> V Q ei s (W) (ta) 

V aeI E(HEG)(*“> -- V ae iS(HEA+«) -- V« e x E(HHG)^ 


r +1 (EG) 


F m+1 (EA) 


/ m+1 (EG) 


v ™! 1 sg 

v 


VitG 


r +1 (EA) 


VIS 1 ^4 

v 


vstj 


EG 


EA 


F m+1 (BG) 

f m+1 (BG) 

VIS 1 bg 

v 

BG. 


The bottom squares homotopy commute by the naturality of the fold map, the middle and top 
squares homotopy commute by the naturality of ED and the naturality of the decomposition of 
F m+ 1 (X). By Corollary 111.31 f 1j o Hr o E is a homotopy equivalence, so the top rectangle also 
homotopy commutes. 

Suppose that wcocat(HG) = m. Then the composite F m+ 1 (BG) --—S VIS 1 BG - ——y 

BG is null homotopic. The homotopy commutativity of (1181) therefore implies that the composite 
F m+ 1 (Y,A) -—A VlS 1 ^^4 -S EA —S BG is null homotopic. Thus wcocat(EA, j, BG) < m. 

Suppose that wcocat(EA, j, BG) = m. Then the composite F m+ 1 (Y,A) --V+ EA -^-y 

EA —+ BG is null homotopic. The homotopy commutativity of (1181) therefore implies that the upper 
direction around the diagram is null homotopic. But as the top row is a homotopy equivalence, this 
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implies that the composite F m+1 (BG) -? \lT=i^ BG -—— > BG is null homotopic. That is, 

wcocat(RG) < m. 

Hence, by Lemma H 0.1 1 we obtain wcocat(HG) = to if and only if wcocat(EH, j, BG) = to. □ 
Combining the equivalences in Theorems 11.61112.31 and 112.41 we obtain the following. 

Theorem 12.5. Let G be a group from \12\) or m- Then nil(G) = to if and only if nil(H, i, G ) = 

TO. □ 

This reduction from checking whether G^ m+1 - ) G is null homotopic to checking whether 

H.( m+ 1) 1 - > G'( m + 1 ) ----> G is null homotopic gives a very practical tool for determining the 

homotopy nilpotency class of certain finite loop spaces. This will be used in the next section to give 
explicit calculations. 


13. Examples 

Fix an odd prime p. Let G be a p-localized simply-connected simple compact Lie group, or in 
the p-complete setting, let G p be a p-compact group. In the p-local case, G is rationally homotopy 
equivalent to a product of odd dimensional spheres II-=i <S' 2ni_1 , and in the p-complete case, G p is 
rationally homotopy equivalent to the rationalization of a product of odd dimensional p-completed 
spheres II i=i( S ' lni ~ 1 )p ■ Reordering the indices if need be, we may assume that n± < • • • < n£. 
The type of G is {ni,... , n^}. From now on we drop the usual ( ) p notation for p-completion for 
convenience, the context making it clear when it should be used. In the p-local (p-complete) case we 
say that G is p-regular if there is a p-local (or p-complete) homotopy equivalence G ~ ■ 

It is quasi-p-regular if there is a p- local (or p-complete) homotopy equivalence G ~ Yii =i Bit where 
each Bi is either a sphere or a sphere bundle over a sphere. 

Kaji and Kishimoto (KRj have determined the homotopy nilpotency classes of all p-regular p- 
compact groups. Kishimoto m determined the homotopy nilpotency class of all quasi-p-regular 
cases of SU(n). In both cases the calculations were intense and involved detailed information about 
nontrivial Samelson products on the group in question. In contrast, very little is known about 
nontrivial Samelson products in exceptional Lie groups, so one would ordinarily not hope to be able 
to determine their homotopy nilpotency classes. Nevertheless, in Theorem ll3.1l wc will calculate the 
homotopy nilpotency class in most quasi-p-regular cases. 

The sphere bundles over spheres that appear as factors have a particular form, which we describe 
first. Let TT^ l (S n ) be the m t?l -stable homotopy group of S n . The least nonvanishing p-torsion 
homotopy group of S 3 is n 2 P {S 3 ) = Z/pZ. Let a: S 2p —> S 3 represent a generator. This map 
is stable and it represents the generator in 7rf +2p _ 3 (5' ra ) = Z/pZ. For n > 1, define the space 
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B(2n + 1, 2n + 2p — 1) by the homotopy pullback 


g2n+l 


g2n+l 


B(2n + 1, 2n + 2p — 1) 


g4n+3 


g2n+2p— 1 


Cj2n+2 


where w is the Whitehead product of the identity map with itself. 

Restrict to p > 7 and consider the exceptional simple compact Lie groups which are quasi-p- 
regular but not p-regular. By [MNT] a complete list is as follows: 


f 4 

P = 

= 7 

£(3,15) 

X 

£(11, 

23) 







P = 

= 11 

£(3,23) 

X 

S 11 X 

S 15 






e 6 

P = 

= 7 

F 4 x S 9 

X 

s 17 








P = 

= 11 

F 4 x S 9 

X 

s 17 







E r 

P = 

= 11 

£(3,23) 

X 

£(15, 

35) 

xS 11 

X 

s 19 

x S 27 



P = 

= 13 

£(3,27) 

X 

£(11, 

35) 

xS 15 

X 

s 19 

x S 23 



P = 

= 17 

£(3,35) 

X 

S 11 X 

S 15 

x S 19 

X 

: S 23 

xS 27 


e 8 

P = 

= 11 

£(3,23) 

X 

£(15, 

35) 

x £(27, 

47) : 

x £(39,, 

59) 


P = 

= 13 

£(3,27) 

X 

£(15, 

39) 

x £(23, 

47) 

x £(35,, 

59) 


P = 

= 17 

£(3,35) 

X 

£(15, 

47) 

x £(27, 

59) 

x S 23 x 

S 39 


P = 

= 19 

£(3,39) 

X 

£(23, 

59) 

xS 15 

X 

S 27 

x S 35 x 

S 47 


P = 

= 23 

£(3,47) 

X 

£(15, 

59) 

x S 23 

X 

s 27 

x S 35 x 

S 39 


P = 

= 29 

£(3,59) 

X 

S 15 X 

S 23 

x S 27 

X 

: S 35 

x S 39 x 

: S 47 


McGibbon [Mj showed that none of the Lie groups listed in (1191) is homotopy commutative. Thus, 
in every case, nil(G') > 2. 

Complete at p > 7 and consider the nonmodular p-compact groups in cases 4 through 34 of the 
Shepard-Todd numbering which are quasi-p-regular but not p-regular. We exclude case 28 which 
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is F 4 . As in Da. a complete list is given by: 


Case 

Prime 

Space 

5 

7 

B( 11,23) 

9 

17 

£(15,47) 

10 

13 

£(23,47) 

14 

19 

£(11,47) 

16 

11 

£(39,59) 

17 

41 

£(39,119) 

18 

31 

£(59,119) 

20 

19 

£(23,59) 

24 

11 

£(7,27) x S' 11 

25 

7 

£(11,23) x S 17 

26 

13 

£(11,35) x S 23 

27 

19 

£(23,59) x S 13 

29 

13 

£(15,39) x S 7 x S 23 

29 

17 

£(7,39) x S 15 x S 23 

30 

11 

£(3,23) x £(39,59) 

30 

19 

£(3,39) x S 27 x S' 59 

30 

29 

£(3,59) x S 23 x 5 39 

31 

13 

£(15,39) x £(23,47) 

31 

17 

£(15,47) x S 23 x 5 39 

32 

13 

£(23,47) x £(35,59) 

32 

19 

£(23,59) x S 35 x S 47 

33 

13 

£(11,35) x S 7 x S 19 x S 23 

34 

31 

£(23,83) x S 11 x S 35 x S 47 x S 59 

34 

37 

£(11,83) x S 23 x 5 35 x S 47 x S 59 


Saumell [5a] showed that the only groups in (EU1) which are homotopy commutative are: £(15,47) 
at p = 17, £( 11,47) at p = 19, £(39,119) at p = 41, £(23,59) at p = 19, and B(7, 27) x S' 11 at 
p = 11. Otherwise, the groups are not homotopy commutative, in which case nil(G) > 2. 

Theorem 13.1. Let p > 7 and let G be a quasi-p-regular p-compact group from \19\) or m ■ ug 
is not homotopy commutative then nil(G) = 2. 

We begin with some properties of the space £(2n +1, 2n + 2p— 1), which has been well studied. It 
is a three-cell complex whose mod-p homology is £*(£(2n + 1, 2n + 2 p — 1)) = A(x 2 n +i, % 2 n+ 2 p-i), 
where |a;t| = t. Let A(2n + 1,2n + 2p — 1) be the (2 n + 2 p — l)-skeleton of B. Then 

H*(B(2n + 1, 2n + 2p — 1)) = A(H*(A(2n + 1, 2 np + 1))) 
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and the skeletal inclusion i: A(2n + 1, 2n + 2p — 1) —> B(2n + 1, 2n + 2p — 1) induces the inclusion 
of the generating set in homology. By jCHZ, CNj . E i has a right homotopy inverse. Thus we obtain 
the following. 

Lemma 13.2. For n > 1. (A{2n +l,2n + 2p— 1), i, B(2n + 1, 2n + 2p — 1)) is a retractile triple. □ 

Let G be a quasi-p-regular p-compact group such that G cs TIi=i Bi, where each Bi is a sphere or 
space of the form B(2rii + 1, 2 rii + 2p — 1). If Bi = S 2 ™ i_1 let Ai = S 2ni ~ l and let /,: A, —y Bi be 
the identity map. If Bi = B(2rii +1,2 m + 2p— 1) let Ai = A(2n,i + 1, 2 m + 2p — 1). Let A = \/f=i Ai 
and let I: A —y B be the wedge sum of the maps Jj for 1 < i < t. The retractile property in 
Lemma Tl 3.2 1 implies that ( A,I,G ) is also retractile. Referring to G itself as being retractile, this is 
stated as follows. 

Lemma 13.3. Let G be a quasi-p-regular p-compact group which is a product of spheres and spaces 
of the form B(2n + 1,2n + 2p — 1). Then G is retractile. □ 

Some elementary information about the homotopy groups of G is also required. This requires a 
few preliminary lemmas. 

Lemma 13.4. Let X be a finite CW-complex with cells in dimensions {m i,... ,m s }. Let Y be a 
space with the property that n mi (Y) = 0 for 1 < i < s. Then any map f: X —> Y is null homotopic. 

Proof. For a positive integer t, let X t be the t-skeleton of A'. Since A' has cells in dimensions 
{mi,..., m s }, for 1 < i < s there are cofibration sequences 

V s mi-1 A x mi _ 1 —► x mi ^4 V s m * 

for attaching maps f, and pinch maps qi, where X mo is the basepoint. 

Clearly the restriction of X —> Y to X mo is null homotopic. Suppose inductively that the 
restriction of / to X mi l is null homotopic. Then from the cofibration X rrH _ 1 —> X mi -^4 V S mi 
we see that the restriction of / to X mi factors through % to a map e,: V S mi —t Y- But as 
/ r mi (Y) = 0, the map e, is null homotopic. Therefore the restriction of / to X mi is null homotopic. 
By induction, the restriction of / to X ma = X - that is, / itself - is null homotopic. □ 

A space B is spherically resolved by spheres S ni ,..., S nt if for 1 < j < t there are homotopy 
fibrations 

S nj > Bj .-> B j+1 

where B\ = B and B t = S nt . For example, SU(n) is spherically resolved by S' 3 , S 5 ,..., S 2 " -1 . 
From Lemma 113.41 we obtain the following refinement in the case of spherically resolved spaces. 

Lemma 13.5. Let X be a finite GW-complex with cells in dimensions {m±,... ,m s }. Let B be 
spherically resolved by spheres S ni ,..., S"‘. If TT mi (S nj ) = 0 for all 1 < i < s and 1 < j < t, then 
any map f: X —> B is null homotopic. 
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Proof. Proceed by downward induction on t. When t = n, as B t = S nt , the hypotheses immediately 
imply that 7T mi ( B t ) = 0 for 1 < i < s. If j < t, suppose inductively that 7r mi (Bj + 1 ) = 0 for 1 < i < s. 
Then as 7r mi ( S nj ) = 0 for 1 < i < s, the long exact sequence of homotopy groups induced by the 
homotopy fibration S nj —> Bj —> Bj + 1 implies that 7 T mi (Bj) = 0 for 1 < * < s. As B = B\, by 
induction we have 7r mi {B) = 0 for 1 < i < s. Lemma 113.41 then implies that any map X —> B is 
null homotopic. □ 

A special case is B{ 3,2p+l). This can be regarded as the homotopy fibre of the map a: S 2p+1 —>■ 
BS 3 which is adjoint to S 2p -^4 S 3 . Since a has order p, so does its adjoint, and therefore 
a o p is null homotopic, implying that the degree p map on S 2p+1 lifts to the homotopy fibre 
of a. That is, there is a map c: S 2p+1 —> B(3,2p + 1) with the property that the composite 
S 2p+1 —^4 B(3,2p + 1) —> s 2 P+ 1 i s 0 f degree p. For a space X , let X(3) be the three-connected 
cover of X. Notice that the map c lifts to a map c: S 2p+1 —> B(3,2p + 1)(3). The following 
property was proved by Toda m- 

Lemma 13.6. The map S 2p+1 -^4- B(3,2p+ 1)(3) is (2 p 2 — 2)-connected. In particular, c induces 
an isomorphism on the homotopy groups n m for m < 2 p 2 — 2. □ 

Proposition 13.7. Let p be an odd prime. Let G be a quasi-p-regular p-compact group which is a 
product of spheres and spaces of the form B(2n + 1, 2n + 2p — 1). Suppose that either: 

(i) G has type {ni,..., n^} where 3 ne < minjnip, n\+ p 2 — p}; or 

(ii) G ~ B(3,2p+ 1) x Y where Y is as in part (i) and its type also satisfies 2 < n\ < p and 
p < ni. 

Then nil(G) < 2. 

Proof. Part (i): By Lemma fl 3. 31 the hypotheses on G imply that there is a retractile triple (A, i , G). 
By Theorem 112.51 to show that nil(G) < 2 it suffices to show that the composite A A A A A iAiAi > 
G A G A G ———> G is null homotopic. We will show more, that any map /: A A A A A —G is null 
homotopic. 

Since G is quasi-p-regular of type {ni,... ,n^}, it is spherically resolved by the odd dimensional 
spheres 5' 2ni_1 ,... ,S 2ne ~ 1 . The type of G also implies that A has a GW-structure with I cells, 
in dimensions {2ni — 1,..., 2 ne — 1}. So A A A A A has a GTT-structure consisting of cells in 
dimensions {mi,... ,m s } where each m; is odd. Therefore, by Lemma 113.51 if 7r m (5' 2ni_1 ) = 0 for 
each m € {mi,..., m s } and each 1 < i < I, then / is null homotopic. 

The dimension of A A A A A is 6 ne — 3, so we consider n m (S 2ni ~ 1 ) for m an odd number with 
to < 6ne — 3. Observe that the stable range for S' 2 "* -1 is 2mp— 4. That is, 7r m (5' 2ni_1 ) = 'K^ n {S 2ni ~ 1 ) 
if m < 2 mp — 3. Since m < ■■■ < ni, S' 2 ™ 1-1 has the stable range of least dimension. So if 
6 Hi — 3 < 2n\p — 3, then 7r m (>S' 2ni_1 ) is stable for every m € {mi,... ,m s } and every !<*<£. 
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This inequality is equivalent to 3 ne < n\p , which is one of the hypotheses. Therefore, we need only 
consider the stable homotopy groups (S' 2 " 4-1 ). 

Since m is odd, the stable homotopy group n^ l (S 2ni ~ 1 ) is in an even stem. By m, the even sta¬ 
ble stem of least dimension is 2p{p— 1)—2 (the stem of the stable generator /?i). Thus ^(S 2 " 4-1 ) = 0 
for odd m whenever m < (2 rii — 1) + 2 p(p — 1) — 2. As n\ < • • • < ne and m < 6 ne — 3, we have 
7 r^ t (S' 2ni_1 ) = 0 whenever Qne — 3 < (2ni — 1) + 2 p(p — 1) — 2. This inequality is equivalent to 
3n^ < rii + p 2 — p, which is one of the hypotheses. 

Hence ■n rn (S 2ni ~ 1 ) = 0 for each m G and for each 1 < i < n, and the proof of 

part (i) is complete. 


Part (ii): Since G ~ B(3,2p + l)xf with Y as in part (i), by Lemma [13.31 there is a retractile 
triple (A, i, G) where A = A x V A 2 for retractile triples (A 1 ,ii,B( 3,2 p + 1)) and (A 2 ,i 2 , Y). Notice 
that A 1 is the (2 p + l)-skeleton of B( 3,2 p + 1). 

Consider the composite 9: A /\ A /\ A i,Ai,Ai > G A G A G ———> G. Observe that A f\ A f\ A is 
8 -connected, so 9 factors through the three-connected cover G{ 3). Since G ~ B(3, 2p + l)xf and 
rii > 2 implies that Y is at least 4-connected, we have G( 3) ~ B( 3,2 p+ 1)(3) x Y. By Lemma fld-Gl 
7r fc (H(3,2p+ 1)(3)) = 7 Tk(S 2p+1 ) for k < 2p 2 — 1. Thus, in this dimensional range, it is as if G is 
spherically resolved by 5 2 " 1 ” 1 ,..., S 2rlf_1 and S' 2p+1 . The hypothesis that p < ng implies that the 
dimension of A A A A A is that of A 2 A A 2 A A 2 , which is 6 n^ — 3. The hypothesis that n\ < p 
implies that the arguments for 7 r m (S' 2ni_1 ) = 0 in part (1) also imply that 7 r m (S' 2p+1 ) = 0. Thus if 
6 n^ — 3 < 2 p 2 — 1, then the argument in part (i) goes through without change to show that 9 is null 
homotopic and nil(G) < 2. 

It remains to show that 6 rii — 3 < 2p 2 — 1. By hypothesis, 3 ne < minjnip, n± +p 2 —p} and n\ < p. 
If minjnip, n\ +p 2 — p} = n\p then 3 ne < n\p and n\ <p implies that 6n^ — 3 < 2 p 2 — 3 < 2 p 2 — 1. 
If min{riip, ni + p 2 — p} = n\ +p 2 — p then 3 rif. < n\ +p 2 — p and n\ < p implies that 3 rif. < p 2 and 
so Qne — 3 < 2 p 2 — 3 < 2 p 2 — 1. In either case, 6 rif. — 3 < 2 p 2 — 1, as required. □ 

Proof of Theorem\13.1\ It has already been mentioned that everv eroun G in m and every non- 
homotopy commutative group G in (l20l) has nil(G) > 2. In each such case, except Eg at p = 11, the 
hypotheses of Proposition [1377] hold, so nil(G) < 2. Hence nil(G) = 2. 

The one outstanding case is Eg at p = 11. As in part (ii) of Proposition 113.71 write Eg ~ 
B{ 3, 23) x Y where Y has type {8,14,18, 20, 24, 30}. Now m = 8 and ne = 30, but 3 ne is not less 
than min{nip, n\ + p 2 — p} = min{88,118}. The one obstruction that appears in the argument 
proving Proposition 113.71 corresponds to 6ne — 3 = 177 (the dimension of A A A A A) being less than 
2nip — 3 = 173 (the stable range of S' 15 ). But from the homotopy fibration Wg —> S 15 f^S 1 ' 

induced by the double suspension E 2 , since Wg is homotopy equivalent to the Moore space P 175 (ll) 
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in dimensions < 180 and 7r 177 (P 175 (ll)) = 0, we see that tt 177 (S' 15 ) is stable, and so the argument 
in Proposition 1 13. 71 goes through. Therefore nil(Pg) = 2 in this case as well. □ 

Remark 13.8. There are other quasi-p-regular exceptional Lie groups: G 2 , Pi and Eq at p = 3 
and p = 5. The cases F 4 and E§ at 3 have torsion in mod-3 homology; therefore a characterization 
of homotopy nilpotent Lie groups by Rao [Rj implies that, localized at 3, we have ni^p.) = 00 
and nil(p) = 00 . McGibbon [M] showed that G 2 at p = 5 is homotopy commutative; therefore 
localized at 5 we have nil(G 2 ) = 1. The remaining cases all have torsion free homology and are not 
homotopy commutative. Moreover, they do not satisfy the hypotheses of Proposition 113.71 and fail 
to do so in a way that does not allow for a sidestepping argument as for E s at p = 11 in the proof 
of Theorem ll3.ll So the precise value of nil(G) in these cases remains undetermined. 
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